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Abstract 

The Jacobian algebra A„ is obtained from the Weyl algebra An by inverting (not in the 
sense of Ore) of certain elements (A„ is neither a Noetherian algebra nor a domain, A„ 
contains the algebra K{xi, . . . , a;„, . . . , gf-, Jj^, . . . , /^) of polynomial integro-differential 
operators). The group of automorphisms Gn of the Jacobian algebra A„ is found (Gn is a 
huge group): 

Gn = Snt< (T" X E„) K Inn(A„) D S„ x (T" x (Z")<^>) x GLoo(A:) k ■ ■ ■ x GLoo(A:), 

" , ' 

2"- — 1 times 

Gi ~ (T' X Z*^') X GL^(_K'), 

where S„ is the symmetric group, T" is the n-dimensional algebraic torus, H„ ~ is a group 
given explicitly, Inn(A„) is the group of inner automorphisms of A„ (which is huge), GLoo(^i^) 
is the group of invertible infinite dimensional matrices, and (Z")*^-* is a direct sum of Z copies 
of the free abelian group Z". This result may help in understanding of the structure of the 
groups of automorphisms of the Weyl algebra An and the polynomial algebra P2n ■ Explicit 
generators are found for the group Gi . The stabilizers in Gn of all the ideals of An are found, 
they are subgroups of fimte index in G„. It is shown that the group G„ has trivial centre. 
An explicit inversion formula is given for the elements of Gn . Defining relations are found for 
the algebra An. 
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1 Introduction 

Throughout, ring means an associative ring with 1; module means a left module; N :— {0, 1, . . .} 
is the set of natural numbers; if is a field of characteristic zero and K* is its group of units; 
P„ := K[xi, . . . ,Xn] is a polynomial algebra over K; di :— g|^,...,5„ := are the partial 
derivatives (if- linear derivations) of P„; Endx(P„) is the algebra of all if -linear maps from P„ to 
Pn and Ant K{Pn) is its group of units (i.e. the group of all the invertible linear maps from Pn to 
P„); the subalgebra An := K{xi, . . . , x„, 9i, . . . , d„) of Endi<-(P„) is called the n'th Weyl algebra. 
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Definition: The Jacobian algebra A„ is the subalgebra of Endi<-(P„) generated by the Weyl 
algebra An and the elements H^^, . . . , H^^ G Endx (Pn) where 

Hi := dixi,. ..,Hn := dnX„. 

Clearly, A„ = Ai(i) ~ Af" where Ai(i) K{xi,di,Hr^) ~ Ai. The algebra A„ con- 

tains all the integrations : Pn ^ Pn, P '-^ J pdxi, since = XiH~^ : x" {ai + l)^^XiX°' . In 
particular, the algebra A„ contains the algebra K{xi, . . . , Xn, gf^, ■ • ■ , ^f-, /i? • ■ • j /„) of polyno- 
mial integro-differential operators. This fact explains why the algebras A„ and A„ have different 
properties and why the group A* of units of the algebra A„ is huge. The algebra A„ is neither left 
nor right Noetherian. In particular, it is neither left nor right localization of the Weyl algebra An 
in the sense of Ore. The algebra A„ is not simple, its classical KruU dimension is n, and it contains 
the algebra of infinite dimensional matrices, [6]. The Jacobian algebra A„ appeared in my study of 
the group of polynomial automorphisms and the Jacobian Conjecture, which is a conjecture that 
makes sense only for the polynomial algebras in the class of all the commutative algebras, this was 
proved in [7]. In order to solve the Jacobian Conjecture, it is reasonable to believe that one should 
create a technique which makes sense only for polynomials; the Jacobian algebras are a step in 
this direction (they exist for polynomials but make no sense even for Laurent polynomials). The 
Jacobian algebras were studied in [B] . A closely related to the algebra A„ is the so-called algebra 
§n of one-sided inverses of the polynomial algebra P„. The reason for that is that the derivation 
di is a left (but not two-sided) inverse of the ith integration J^, i.e. di — idp^. 

Definition, |10j . The algebra §„ of one-sided inverses of P„ is an algebra generated over a field 
K by 2n elements xi, . . . , a:„, y„, . . . , y„ that satisfy the defining relations: 

yixi = ■■■ = ynXn = 1, [xt,yj] = [xi,Xj] = [yi, yj] = for all i ^ j, 

where [a, b] :— ab — ba is the algebra commutator of elements a and b. Let G„ := Autx-aig(Sn)- 

By the very definition, the algebra §„ ~ §f " is obtained from the polynomial algebra P„ by 
adding commuting, left (but not two-sided) inverses of its canonical generators. The algebra §i 
is a well-known primitive algebra |24| . p. 35, Example 2. Over the field C of complex numbers, 
the completion of the algebra §i is the Toeplitz algebra which is the C*-algebra generated by 
a unilateral shift on the Hilbert space Z^(N) (note that yi = xl). The Toeplitz algebra is the 
universal C* -algebra generated by a proper isometry. 

Example, [10]. Consider a vector space V — 0jgN Kci and two shift operators onV, X : ei i-^ 
ei+i and Y : a ^ a-i for all i > where e_i := 0. The subalgebra of End_R-(F) generated by the 
operators X and Y is isomorphic to the algebra Si {X ^ x,Y ^ y). By taking the n'th tensor 
power 1/®" = 0Q,gpj„ Kta of V we see that the algebra S„ ~ Sf " is isomorphic to the subalgebra 
of Endii:(F®") generated by the 2n shifts Xi, Yi, . . . , Xn, Yn that act in 'perpendicular directions.' 

The algebras S„ are fundamental non-Noetherian algebras, they are universal non-Noetherian 
algebras of their own kind in a similar way as the polynomial algebras are universal in the class 
of all the commutative algebras and the Weyl algebras are universal in the class of algebras of 
differential operators. 

The algebra S„ often appears as a subalgebra or a factor algebra of many non-Noetherian 
algebras. For example, §i is a factor algebra of certain non-Noetherian down-up algebras as was 
shown by Jordan |25j (see also Benkart and Roby ^1]; Kirkman, Musson, and Passman [29] : 
Kirkman and Kuzmanovich [H])- The Jacobian algebra A„ contains the algebra S„ where 

yi := Hi^di,. . . , y„ := i?,7^(9„. 

Moreover, the algebra A„ is the subalgebra of End/i-(P„) generated by the algebra S„ and the 
2n invertible elements Hf^,...,Hn^ of Endif(P„). The algebra A„ contains the subalgebra 
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-^^air' ■ ■ ■ ' ai"' /i' •■•'/«) ■^hich is isomorphic to the algebra S„. The Gelfand-Kirihov dimensions 
of the algebras §„ and A„ are 2n and 3n respectively, [TT] and [3] . 

• f Corollary 14.131) Every automorphism of the algebra can be uniquely extended to an au- 
tomorphism of the algebra A„ . 

• f Proposition 14. 9| ) 1. The group Gn is a subgroup ofGn- 
2. G„ = {(7GG„|a(§„) = §„}. 

The group G„ of automorphisms of the algebra S„ is found in 11', it is a huge group. 

• (Theorem 5.1, [llj ) G„ = S'„ k T" x Inn(S„), where Sn is the symmetric group, T" is the n- 
dimensional algebraic torus, and Inn(S„) is the group of inner automorphisms of the algebra 

The algebras S„ were studied in [TU] and [TT]. For the group G„ explicit generators are found in 
[llj . |12) . and [T3] respectively for n = 1, n = 2, and n > 2. 

Ignoring the non-Noetherian property, the Jacobian algebras A„, §„, the Weyl algebras A„, 
and the polynomial algebras belong to the same class of algebras (see below a reason why this 
is the case) - this is a correct approach for studying the algebras A„ and S„ . It is an experimental 
fact [lOj that the algebra §i has properties that are a mixture of the properties of the polynomial 
algebra P2 in two variable and the first Weyl algebra Ai, which is not surprising when we look 
at their defining relations: 

P2 : yx- xy ^ 0; 
Ai : yx-xy^ 1; 
§1 : yx — \. 

The same is true for their higher analogues: P2n = Pf^i -^n '■= Af^ (the 71'th Weyl algebra), 
and §„ = Sf For example, 

cl.Kdim(§„) ^ 2n = cl.Kdim(P2n), 
gldim(§„) ^ n = gldim(A„), 
GK(§„) ^ 2n = GK(A„) = GK(P2„), 



where cl.Kdim, gldim, and GK stand for the classical Krull dimension, the global homological 
dimension, and the Gelfand-Kirillov dimension respectively. In this paper, a reason is found 
why the algebras A„, A„ and S„ are 'similar' - they are generalized Weyl algebras (Lemma 13.41 
and Lemma 13. 3p . The big difference between the algebras A„ and §„ on the one side and the 
algebras P2„ and A„ on the other side is that the first are neither left nor right Noetherian and 
are not domains either. This fact can also be explained using the presentations of the algebras as 
generalized Weyl algebras. In contrast to the Weyl algebra An, the defining algebra endomorphisms 
for the algebras A„ and S„ are not automorphisms, and as a result these algebras acquire some 
pathological properties (like not being Noetherian). 

The aim of this paper is to find the group G„ :— Autif _aig(A„) of automorphisms of the 
algebra A„ . 

• (Theorem[721) G„ = S'„ k (T" x S„) k Inn(A„). 

• (Corollary [731) '^n 2 G.'^ := Sn k (T" x U„) x GLoo{K) x • • • x GLoo{K) and U„ ~ (Z")(^), 

^ v ' 

2^ — 1 times 

• (Theorem [m d ~ (T^ x Z^^') x GLoo{K), 
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where S'„ is the symmetric group, T" is the n-dimensional algebraic torus, S„ ~ Z" and U„ 
are groups given exphcitly, Inn(A„) is the group of inner automorphisms of the algebra A„, 
and GLoo(-f'^) is the group of all the invertible infinite dimensional matrices of the type 1 + 
Moo{K) where the algebra (without 1) of infinite dimensional matrices Moo{K) :— \m^Md{K) — 
Ud>i ^^d{K) is the injective limit of the matrix algebras. A semi-direct product Hi k H2 ix ■ • • k Hm 
of several groups means that Hi k {H2 k (• • • k {Hm-i x Hm) ■ ■ ■)■ In particular, we found explicit 
generators for the group Gi. In 1968, for the first Weyl algebra Ai, explicit generators for its 
group of automorphisms were found by Dixmier, [22,. For the higher Weyl algebras An, to find 
their groups of automorphisms and generators is an old open problem. 

The proof of Theorem l7.7l is rather long (and non-trivial) and based upon several results proved 
in this paper (and in [6l 1101 HI) ) which are interesting on their own. Let me explain briefly the 
logical structure of the proof. There are two cases to consider when n — 1 and n > 1. The proofs of 
both cases are based on rather different ideas, and the first case serves as the base of an induction 
for the second one. The case n = 1 is a kind of a degeneration of the second case and is much 
more easier. The key point in finding the group Gi is to use the Fredholm linear maps/operators, 
their indices, and the fact that each automorphism of the algebra A„ is determined by its action 
on the set {xi,.. . ,a;„} (or {yi,.. .,?/„}): 

• (Theorem l4.12|) (Rigidity of the group G„) Let cr. r £ d. Then the following statements are 
equivalent. 

1. (T = T. 

2. a{xi) ^T{xi),...,a{Xn) =T{Xn). 

3. a{yi) = T{yi), a{yn) = T(y„). 

For n > 1, one of the key ideas in finding the group G„ is to use an induction on n and the 
fact that the algebra A„ has the unique maximal ideal a„. The ideal a„ is the sum pi + • • ■ + p„ of 
all the height one prime ideals of the algebra A„ (there are exactly n of them, and they are found 
in ^). By the uniqueness of o„, there is the natural group homomorphism 

^ : G„ ^ Autif_aig(^„), a- ^ (^(cr) : a + a„ a{a} + o„), 

where An '■= A„/a„ is a simple algebra which is isomorphic to a certain localization of the Weyl 
algebra An (and has Gelfand-Kirillov dimension 3n). Note that the Gelfand-Kirillov dimension 
of the Weyl algebra An is 2n. Briefly, the problem of finding the group Gn is equivalent to the 
problem of finding the kernel and the image of the group homomorphism ^. As the first step 
in finding the the image of ^, the group Autif _aig(.A„) is found (Theorem 16. ip . and then using 
a delicate argument on multiplicities of the growth of the number of the common eigenvalues of 
a certain commuting family of differential operators we find the image of the homomorphism 1^ 
explicitly (Theorem [721 (2), note that im(^) ^ Auti<-_aig(-4n))- a consequence, we prove that 

• (Theorem [L2](l)) G„ = Sn ix (T" x U„) ix ker(^). 

Then using two characterizations of the elements of the group G„ via the invertible linear maps 
on the polynomial algebra P„ fCoroUarv 14.81 (1) and Lemma FTTj) we prove that 

• (Theorem 0(3)) ker(^) C Inn(A„). 

This is the most difficult part of the proof of finding the group G„. From this fact, it is relatively 
easy to show that 

• (Theorem [111) Inn(A„) = U° ix ker(^), 

and then that G„ = S'„ ix (T" x S„) k Inn(A„) (Theorem [TTT)) . 

The structure of the group Gi ~ (T^ x Z^^)) k GL^{K) (Theorem [5?7D is yet another confir- 
mation of 'similarity' of the algebras P2, Ai, Ai, and Si. The groups of automorphisms of the 
polynomial algebra P2 and the Weyl algebra Ai were found by Jung [38] , Van der Kulk [39] , and 
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Dixmier [25] respectively. These two groups have almost identical structure, they are 'infinite 
GL-groups' in the sense that they are generated by the algebraic torus and by the obvious 
automorphisms: x i-^ x + Ay*, y'-^y;xi-^x,y'-^y-\- Ax*, where i G N and A G K; which are 
sort of 'elementary infinite dimensional matrices' (i.e. 'infinite dimensional transvections'). The 
same picture as for the groups Gi ~ (T^ x Z(^)) ix GLoo{K) and AutK_aig(Si) = k GLoo{K), 
In prime characteristic, the group of automorphism of the Weyl algebra Ai was found by 
Makar-Limanov [32] (see also [9] for a different approach and for further developments). 

The paper is organized as follows. In Section [S] some useful results from pUj are collected 
which are used later. In Section [S] it is proved that the algebras §„ and A„ are generalized Weyl 
algebras. As a result, defining relations are found for the algebra A„. 

In Sectional several subgroups of the group G„ are introduced, a useful description (Corollary 
14.81 (1')') of the group G„ is given, and a criterion of equality of two elements of the group G„ is 
proved (Theorem 14. 12p . 

In Section [5] the group Gi is found (Theorem 15.71) . and explicit generators for the group Gi 
are given (Theorem 15. 71 (4)). 

In Section[6l the groups Auti^_aig(.4„), Inn(^„), and Out(^„) are found (Theorem 16. ip . 

In Section [T] the groups G„, Inn(A„), and Out(A„) are found (Theorem 17.71 Theorem 17.21 
Theorem 17.61 Corollarv 17. 8p . Several corollaries are obtained. It is proved that the groups G„ 
and ker(^) have trivial centre (Theorem 17.151 Theorem 17. 17p . Explicit inversion formulae for the 
elements of the groups G„ and G„ are found, (|62]) and ([65]). The groups §* and Inn(§„) are 
described (Corollarv 17. 13|) . These descriptions are instrumental in finding explicit generators for 
the groups G„, §*, and Inn(§„) in fX3\. 

The Problem/Conjecture of Dixmier [22j states that every algebra endomorphism of the Weyl 
algebra An is an automorphism. The Weyl algebra An is a simple algebra but the Jacobian algebra 
A„ is not. Moreover, its classical Krull dimension is n [6]. Theorem l7.18l has flavour of the Problem 
of Dixmier, it states that no proper prime factor algebra of An is embeddable into An- 

In Section [S] the stabilizers in the group G„ of all the ideals of the algebra A„ are computed 
(Theorem 18. 2p . In particular, the stabilizers of all the prime ideals of A„ are found (Corollary 
IH11(2)). 

The maximal ideal a„ := pi + • • • + p„ of the algebra A„ is of height n, [6]. 

• (Corollarv l8.4l (3)) The ideal a„ is the only nonzero, prime, Gn-invariant ideal of the algebra 

An. 

• (Corollarv 18. 4p Let p be a prime ideal of An. Then its stabilizer StG„(p) is a maximal 
subgroup of the group G„ iff n > 1 and p is of height 1, and, in this case, [G„ : StG„(p)] = n. 

• (Corollarv l8.3l) Let a be a proper ideal of An. Then its stabilizer StG„(a) has finite index in 
the group G„. 

• (Corollary 18.51) If a is a generic ideal of A„ then its stabilizer is written via the wreath 
products of symmetric groups: 

t 

StG„(a) = (Sn, X l[{Sh, I Sn,)) K (T" X S„) K Inn(A„), 

i=l 

where I stands for the wreath product of groups. 

Corollarv 18.61 classifies all the proper G„-invariant ideals of the algebra A„, there are exactly n of 
them. 

2 Preliminaries on the algebras 

In this section, we collect some results without proofs on the algebras §„ from 10 that will be 
used in this paper, their proofs can be found in [10] . 
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Clearly, S„ = Si(l) «) • • • §i(n) ~ Sf" where §i{i) := K{x„ \ yiXi = 1) ~ Si and S„ = 
©a,/J6N.. Kx^y^ where := a = (ai, . . . ,a„), / := yf^ • • - y^, /? = . .,/?„). 

In particular, the algebra §„ contains two polynomial subalgebras P„ and (5„ := K[yi, . . . ,?/„] 
and is equal, as a vector space, to their tensor product Pn <E> Qn- Note that also the Weyl algebra 
An is a tensor product (as a vector space) P„ ® K[di, . . . , 9„] of its two polynomial subalgebras. 

When n = 1, we usually drop the subscript '1' if this does not lead to confusion. So, Si — 
K{x, y\yx=l)= 0- -y^ Kx'^yK For each natural number d > 1, let Md{K) := 0f KEij be 
the algebra of rf-dimensional matrices where are the matrix units, and let 

M^K) := limMdiK) = KE,, 

be the algebra (without 1) of infinite dimensional matrices. The algebra Moo{K) = 0j,g2 Moo{K)k 
is Z-graded where M^[K)k := ®,_j^kKE,j {M^{K)kM^{K)i C M^{K)k+i for all fc, / e Z). 
The algebra Si contains the ideal F := 0- ^gj, KEij, where 

E,j x'y' - x'+^y3+^, i,j > 0. (1) 

For all natural numbers i, j, k, and /, EijEki — SjkEu where Sjk is the Kronecker delta function. 
The ideal F is an algebra (without 1) isomorphic to the algebra Moo{K) via Eij i-^ Eij. In 
particular, the algebra F = ^^.^^ Pi,fc is Z-graded where Fi^k := 0i_j=fc {Fi,kFi^i C Fi^k+i 

for all k, I £ Z). For ah i,j > 0, 

xE,j = E,+i^j, yE,j = £;,_ij (£;_ij 0), (2) 

E.jX^E^^j^i, E,jy = E,,j+i (i;,,_i 0), (3) 

■Ei+ij+ix x^Ej,^, Eijy ^ yEi+ij+i. (4) 

Si = /s:®a;X[a;] ©y/f[y] ©P, (5) 
the direct sum of vector spaces. Then 

Si/F ~ K[x,x^^] -. Li, x^x, yK^x"\ (6) 

since ya; = 1, a;y = 1 — Eqq and Eqq G F. 



The algebra S„ = (8)"=! contains the ideal 

n 

Fn P®" = KE^^, where J| (i), E^^p^{i) := xf'yf 



Note that EapE^p ~ 5p^Eap for all elements a,l3,j,p E N" where 6pj is the Kronecker delta 
function. 

Proposition 2.1 JIO'I The polynomial algebra Pn is the only faithful, simple Sn-module. 

In more detail, s„Pn - ^n/{J2'i=o^nyi) = 0QeN" Kx"T, T := 1 + X]"=i ^nUi] and the action 
of the elements Epj and the canonical generators of the algebra S„ on the polynomial algebra P„ 
is given by the rule: 

a Q+e, a J ' if Of; > 0, i a <: 3 

Xi* X — X ^ \ Vi* X — < and Er^ * x = OjaX'^ , 

10 if Q!i = 0, 

where ei (1, 0, . . . , 0), . . . , e„ :— (0, . . . , 0, 1) is the canonical basis for the free Z-module Z" = 
0"^-^ Zci. We identify the algebra Sn with its image in the algebra End/f (P„) of all the if-linear 
maps from the vector space P„ to itself, i.e. S„ C End/f (P„). 
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The involution rj on §„. The algebra §„ admits the involution 

77:§„^-S„, Xi^Vi, Vi^x^, i = l,...,n, 

i.e. it is a ii'-algebra anti-isomorphism {i]{ab) = ri{b)ri{a) for all a,b G S„) such that 77^ — idg^, the 
identity map on S„. So, the algebra S„ is self-dual (i.e. it is isomorphic to its opposite algebra, 
?7 : Sn — S"/*)- The involution 77 acts on the 'matrix' ring Fn as the transposition, 

rj{E^p) = (7) 

The canonical generators Xi, yj (1 < i,j < n) determine the ascending filtration {S„,<i}iGN 
on the algebra S„ in the obvious way (i.e. by the total degree of the generators): §„,<i :— 
®\a\+\0\<i^^°'y'^ where |a| = ai + • ■ • + a„ (S„,<i§n,<j ^ for all i,j > 0). Then 

dim(§„ <i) = (*^^") for i > 0, and so the Gelfand-Kirillov dimension GK (§„) of the algebra S„ 
is equal to 2n. It is not difficult to show that the algebra S„ is neither left nor right Noetherian. 
Moreover, it contains infinite direct sums of left and right ideals (see |10j). 

• The algebra S„ is central, prime, and catenary. Every nonzero ideal of §„ is an essential 
left and right submodule o/S„. 

• The ideals 0/ §„ commute (IJ = JI); and the set of ideals o/§„ satisfy the a.c.c. 

• The classical Krull dimension cl.Kdim(§„) 0/ §„ is 2n. 

• Let I be an ideal o/S„. Then the factor algebra §„// is left (or right) Noetherian iff the 
ideal I contains all the height one primes o/S„. 

The set of height 1 primes of §„. Consider the ideals of the algebra S„: 

pi ■.= F^Sn-l, p2 :=§l«)i^(g>§„-2,---,Pn := S„_l ® F. 

Then §„/p, ~ S„_i ® {Si/F) ~ S„_i ® K[x,,x:r^] and flLi P^ = Uti P» = ^n- Clearly, p, ^ Pj 
for all i ^ j. 

• The set Hi of height 1 prime ideals of the algebra §„ is {pi, . . . , p„}. 
Let a„ := pi + ■ • ■ + p„. Then the factor algebra 

n 

§„/a„ ~ (Si/F)®" ~ (g) if [a:,, = /f[xi, ■ • • , x„, x.-^] L„ (8) 

i=l 

is a Laurent polynomial algebra in n variables, and so o„ is a prime ideal of height and co-height 
n of the algebra §„. The algebra L„ is commutative, and so 

[a,b] G a,i for all a, 6 e §„. (9) 

That is [§„,§„] C a„. In particular, [§i,§i] C F. Since 77(a„) = a„, the involution of the algebra 
S„ induces the automorphism rj of the factor algebra §„/a,i by the rule: 

rj : Ln ^ Ln, Xit-^x^^, i = l,...,n. (10) 

It follows that ri{ab) — r]{a)r]{b) G a„ for all elements a, e §„. 
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3 The algebras and are generalized Weyl algebras 

In this section, we show that the algebras §„ and A„ are generahzed Weyl algebras (Lemma 13.31 
and Lemma EH]) ■ As a result, we have exphcit defining relations for the algebra A„, they are used 
in checking of existence of various automorphisms and anti- automorphisms. This fact explains 
why the algebras §„, A„, and An have 'similar' properties. We start by recalling some properties 
of generalized Weyl algebras. 

Generalized Weyl Algebras. Let D he a ring, a — {ai, (T„) be an n-tuple of commuting 
ring endomorphisms of D, and a = (ai,...,a„) be an n-tuple of elements of D. The generalized 
Weyl algebra A = D{a,a) (briefly, GWA) of degree n is a ring generated by D and 2n elements 
xi, ...,Xn, 2/1, Un subject to the defining relations [3], [4]: 

UiXi = flj, x^i/i = crj(ai), 

ai{d)xi ^ Xid, dyi ^ ytai{d), deD, 

[xt, Xj] = [y,, yj] = [x,,yj] =0, i j, 

where [x,y] — xy — yx. We say that a and cr are the sets of defining elements and endomorphisms 
of A respectively. When all Ui are automorphisms, the GWAs are also known as hyperbolic rings, 
see the book of Rosenberg [3S]. For a vector k = (fci,...,fc„) e Z", let Vk — Vki{l) ■ ■ ■ Vk^{n) 
where, for 1 < i < n and m > 0: Vm{i) = x"^ , f_m(j) = y™i ^o(i) = 1- It follows from the 
definition that A — ^^.^^„Ak is a Z"-graded ring {AkAe Q Ak+e, for all fc, e G Z"), where 
Ak = ®; k+ieN" V-iDvk+i- The tensor product (over the ground field) A® A' of generahzed Weyl 
algebras of degree n and n' respectively is a GWA of degree n + n': 

A® A' D®D'{{T,T'),{a,a')). 

Let Vn be a polynomial algebra K[Hi, . . . , i?„] in n indcterminatcs and let a = (di, ct„) be 
the n-tuple of commuting automorphisms of Vn such that ai(Hi) ~ Hi — 1 and ai{Hj) = Hj, for 
i ^ j. The algebra homomorphism 

An ~>'Pnii(Ti,...,an),{Hi,...,Hn)), X., ^ Xi, 3., yi, i = l,...,n, (11) 

is an isomorphism. We identify the Weyl algebra An with the GWA above via this isomorphism. 
Note that Hi = diXi — Xidi + 1. Denote by Sn the multiplicative submonoid of Vn generated by 
the elements Hi + j, i — 1, . . . ,n, and j € Z. It follows from the above presentation of the Weyl 
algebra A„ as a GWA that Sn is an Ore set in An, and, using the Z"-grading, that the (two-sided) 
localization An ■= S^^An of the Weyl algebra An at Sn is the skew Laurent polynomial ring 

An = Sn^Vn[xt\ . . . ,xt^;ai, ...,an] (12) 

with coefficients from the algebra 

Cn := S-^Vn = K[Ht\ {H, ± {H, ± 2)-\ H^\ (iJ„ ± (iJ„ ± 2)-\ . . .], 

which is the localization of Vn at Sn- We identify the Weyl algebra An with the subalgebra of An 
via the monomorphism, 

di i-s- HiXi , i = 1, . . . ,n. 

Let kn be the n'th Weyl skew field, that is the full ring of quotients of the n'th Weyl algebra 
An (it exists by Goldie's Theorem since An is a Noetherian domain). Then the algebra An is a 
if -subalgebra of kn generated by the elements Xi, x~^. Hi and H^^, i — 1, . . . ,n since, for all 
j€N, 

{H^Tj)-^ =xf'Hr\J\ i = l,...,n. (13) 

Clearly, An — Ai ® • • • (E)Ai (n times). A if -algebra R has the endomorphism property over K if, 
for each simple i?-module M, Endij(M) is algebraic over K . 



8 



Theorem 3.1 Let K be a field of characteristic zero. 

1. The algebra An is a simple, affine, Noetherian domain. 

2. The Gelfand-Kirillov dimension GK {A„) — 3n (7^ 2n ~ GK(yl„)). 

3. The (left and right) global dimension gl.dini(An) = n. 

4. The (left and right) Krull dimension K.dim(^„) = n. 

5. Let d = gl.dim or d ~ K.dim. Let R be a Noetherian K-algebra with d(i?) < cxd such that 
R[t], the polynomial ring in a central indeterminate, has the endomorphism property over 
K. Then d{Ai (E) R) — d(i?) + 1. //, in addition, the field K is algebraically closed and 
uncountable, and the algebra R is affine, then d{An ® i?) = d(i?) + n. 

GK(^i) = 3 is due to A. Joseph [26 , p. 336; see also [31 , Example 4.11, p. 45. 

It is an experimental fact that many small quantum groups are GWAs. For more about GWAs 
and their generalizations the interested reader can refer to[T|[^[71[Ti l [T5 1 [TB l P71P^P^[ ^ [ ^ 
[271 [Ml |30l [331 [Ml [33 [37]. 

Suppose that A is a ii'-algebra that admits two elements x and y with yx ~ 1. The element 
xy ^ A\s an idempotent, (xy)^ = xy, and so the set xyAxy is a iC-algebra where xy is its identity 
element. Consider the linear maps a = Ux^y, t = Tx,y : A ^ A which are defined as follows 

u{a) = xay, r(a) = yax. (14) 

Then rcr = idA and ar^a) = xy ■ a ■ xy, and so 

A = (7(A)0ker(r). (15) 

Each element a £ A is a unique sum oi + 02 where oi e <^{A) and 02 S ker(T). Below, formulae 
for the elements oi and 02 are given. The map cr : A — > A is an algebra monomorphism {a{ab) — 
xaby = xay ■ xby — ij{a)a{b)) with cr(l) = xy. The element err G Endi<-(j4) is an idempotent, 
then so is id^ — ar. Since fTr(ker(T)) = and ara^a) = cr{a), we have cr[A) — im((Tr) and 
ker(T) = im(id^ — ctt). For each element a G A, 

a — (Tr(a) + (id^i — ctt) (a) where CTT(a) £ (^{A), (idyi — ctt) (a) G ker(T). 

Note that xyAxy C a{A) — ct(1 ■ A A) — xya{A)xy C xyAxy, and so ct(A) = xyAxy. The map 
CT : A — > <y{A) — xyAxy is an isomorphism of algebras where ct(1) — xy and its inverse map 
T : a{A) — > A is an algebra isomorphism with T(xy) = 1. 

Suppose that the algebra A contains a subalgebra D such that a{D) C D and t{D) C D (and 
so xy = ct(1) G D), and that the algebra A is generated by D, x, and y. Since yx = 1, we have 
x'^Do ~ D and oDy^ ~ D. It follows from the relations: 

yx = l, xy = a{l), 

xd = a{d)x, dy — yij{d), d £ D, 

that A = X]i>i2/'^ + J2i>o ■ Suppose, in addition, that the sum is a direct one. Then the 
algebra A is the GWA 1^(17, 1). 

Lemma 3.2 Keep the assumptions as above, i.e. A = D{x,y) = ®j>x J/*^ ® ®i>o ''"(-^) ^ 
D and u{D) C D. Then A — D{a,l). If in addition, the element xy is central in D. Then 
Dx^ = x^D and Dy^ = y^D for all i > 1. 
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Proof. It suffices to prove the equalities for i — 1. xD = ij{D)x C Dx = Dxyx = xyDx = 
xt{D) C xD and so xD — Dx. Similarly, Dy ~ y<j{D) C yD — yxyD = yDxy — T{D)y C Dy, 
and so Dy = yD. □ 

The algebras S„ are generalized Weyl algebras. Consider the case n = 1. The subal- 
gebra Fi := K + F = ©jg^^^i-j of EndA'(Pi) is a Z-graded algebra where Fi.o := K + Fi^o = 
^00,eN£^« and Fi,fc :^ Fi^k ^ ®,_j=k KE^j for k e Z\{0}. Moreover, Fi,feFi,, C ¥i^k+i for 
all k,l eZ. By ([2]) and ([3]), (t(Fi,o) C Fi.q where cr is as in (fT4|) . The X-algebra monomorphism 

T : Fi,o ^ Fi,o, S,. ^£;.+i,,+i, z>0, l^xy = l-Eoo, (16) 

is not an automorphism since Fi^o = im((T) ® KEqq. The algebra Fi.o is a commutative algebra 
which is generated by the elements En, i > 0, that satisfy the defining relations: Ef.^ = En and 
EiiEjj — for all i ^ j. For each i G N, KEn is an ideal of the algebra Fi q- The algebra Fi g is 
not Noetherian since it contains the infinite direct sum of ideals KEn. 

Note that yx ^ I, xy = cr(l) = 1 - i?oo, xEu = Ei+i,i+ix = a{En)x, and E^y = yEi+i^^+i = 
ya{Eii) for all i e N. Now, it follows from ([3]), and ^ that the assumptions of Lemma [3.21 
hold, and so the algebra Si is the GWA Si — Fi,o(o', 1). In particular, the algebra §i = ©jg^^i,* 
is Z-graded where 

{xTi^o = Fi.ox* if i > 1, 
Fi,o if i = 0, 

Z/-Ti,o - Fi,oy-» ifi<-l. 

The kernel of the map t : Si — > §i, a i— > yax, is 

ker(T) = KEoo + Y.^KEo^ + KE,o). (17) 

i>i 

Indeed, since t{F) C F and the induced map r : Si/F — > Si/F is the identity map, the kernel of 
the map r coincides with the kernel of its restriction to F, and so P7)) is obvious since T{Eij) = 
Ei-ij-i. The kernel of the map t : Si — Si is not an ideal of the algebra Si. This means that 
the map r is not an algebra endomorphism but its restriction to the subalgebra Fi^o of Si is a 
iC-algebra epimorphism: 

t:Fi,o^Fi,o, Eu^E,^i,,^i (i > 0), 1^1, (18) 

with ker(T|Fi o) = KEqq. For ah « e N and d e Fi_o, dx"- = x^T^{d) and y'd = T^{d)y\ 

For n > 1 and z = l,...,n, Si(z) = Fi,o(z)(fT,,' 1), and §„ - ^tiMi) = ^''^=l^lAi)i'^^^) 
is the GWA 

§ri = ]F„,o((CTl,...,cr„),(l,...,l)), 

where F„,o ■= ^"U^iA^) and Fi,o(i) + Fi,o(i) = if e©fe>o ^fcfc(i). 

Lemma 3.3 The algebra S„ = F„,o((ci, . . . , (Tn), (1, . . . , 1)) is a generalized Weyl algebra. In 
particular, the algebra S„ = Q^^z" ^n,a is Z," -graded where S„,q = ^7i,oVa = Va^n,o for all 
a G Z". 

For each algebra Si(i), let be the corresponding map r which is extended to the map : 
S„ ^S m a I y yiQXi- It is not an algebra endomorphism but its restriction to the subalgebra F^^ o 
of S„ is a if-algebra epimorphism, ri(F„,o) = ^n,Q, with ker(ri [f„_o) = KEoo{i) i^^_^,-¥i^Q{j). 
For all j e N and d e F„^o, dxl = x{Tl{d) and yld = Tl{d)yl. 

The Jacobian algebras A„ are generalized Weyl algebras. Consider the case n = 1 and 
the commutative subalgebra Ci :— Vi^Fi^ — if [-ff] 0j>Q i^-Eii of the algebra Endif(Pi). 
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Then Fi.o = K+Fi,o C Ci. Then Ci/Fi^ ~ Pi = K[H]. As an abstract algebra, the commutative 
algebra Ci is generated by the elements H, En, i e N, that satisfy the defining relations: 

HEu = {i + l)Eu, El = Eu, E^E^^ - for all t ^ j. 

For each natural number z, the element H + i is a, unit of the algebra End/f (Pi) but the element 
H — i, i > 1, is not since keip^{H — i) = Kx"^"^. For each scalar A e K* and for each integer 
i > 1, the element 

(if - z)a - i + AP,_i,,_i e Ai (19) 

is a unit of the algebra End^ (Pi) since {H — i)\ * x'^^ ~ Xx^^^ ^ 0. Let S[ be the multiplicative 
submonoid of Ci generated by the elements {{H — i)i,H + j\i > l,j > 0}. The localization 
Bi := 5*1" ^Ci of the algebra Ci at 5J contains the algebra Ci. In 0, it is shown that the algebra 
Ai is generated by Di, x, and y; Pi.o is an ideal of the algebra Di such that Di/Pi.o — S'f^Pi; 
and F is an ideal of the algebra Ai such that Ai/F ~ Ai. There is the commutative diagram of 
natural algebra homomorphisms with exact rows (of algebras not necessarily with 1): 

^ Pi.o ^ Ci ^ Ci/Pi^o - Vi ^ 



^ Fi^o ^ Bi ^ Bi/Pi,o =i ST^Pi ^ . 

Since Ci := S^^Vi = K[H^\ {H ±1)-^ , {H ±2)-^ , . . .] and {H-i)i =H^i mod Pi,o, it follows 
from the exact sequence at the bottom of the commutative diagram above that 

Bi=/:r0^^ 0^1.0, ■■= K ^ C+ ■.^K[H^\{H + l)-\{H + 2)-\...]. 

(20) 

Consider the maps <y{a) — xay and T(a) = yax of the algebra Ai as defined in (1141) . Then 
ct(Bi) = Bict(1) C Bi as follows from the equalities: for all natural numbers i > and j > 1, 

a{Eu) = P^+i,m, a{H) =H-1 = (-ff-l)a(l) = (p--l)ia(l), a{{H-j)i) = (H - j -l)ia{l). 

Moreover, Di (t(Di) if Poo where KEqo is an ideal of the commutative algebra Bi such that 
t{KEqo) — 0. Then t(Bi) = Bi. Moreover, the map r : Bi — > Bi, a{d) + XEqq i-> d, is an algebra 
epimorphism (t(1) = r(l — Poo + Poo) = ■''(o'(l) + -E'oo) = 1) with kernel PPoo- In particular, 
t(P) = P + 1 and t{Eu) ^ Pi-i,i-i. For alH e N and d G Di, dx^ = x'r'id) and y'd = T'{d)y\ 
The kernel of the linear map r : Ai — ^ Ai is equal to 



ker(r) = PPoo + ^(PPo« + KEm). (21) 



i>i 

In more detail, since t(P) C P and the induced map t : Ai/P — > Ai/P is the inner automorphism 
a M- x~^ax, the kernel of the map r coincides with the kernel of its restriction to P, and the equality 
([21]) follows from ([T7|) . The kernel of t is not an ideal of the algebra Ai, and so the map r is not 
an algebra homomorphism, but r is an algebra homomorphism modulo P. 
For all integers « > 1, 

r((P-.)r)4^^-^^-^»^ '"'^'^ and-V^..-!^''^^ ''''''' 

\h ifi = l, (H-i)i " \P._i^._i ifj = *-l. 

The P[r]-module Bi is the direct sum of the following indecomposable, infinite dimensional sub- 
modules: K[H]; 0^>;^ ^ {H-x)i ®®t>i ^ (hIi)J fo'^ '^a.ch integer j > 1; and Pi,o :== ©,.>o KE,s 
for each fc G Z. The map t : ^ ^ ^ is a bijection, the map r : Fi^o ~> ^1,0 is a sur- 
jection with ker(T) — PPoo, and the map a : Fi_o ^1,0 is an injection with Fi^o = im(CT)®PPoo- 
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The iir[(T]-niodule structure of the algebra Di is comphcated as it fohows from the equahties: 
for all X ^ K and i > 1, 

i-1 i-1 

a'{X) = A(l - ^ Ejj) and a\H) ^ H ~ i + ^(i - 1 - j)Ejj. 
j=o j=o 

Note that a{x) — xxy = x{l — Eqq) = x — Eiq and a{y) — xyy = (1 — EQo)y = y — Eqi. Then 
a{x^) = — Eio and (j{y^) = — Eoi for all i > I. 

The algebra Ai is generated by the elements x, y :— H^^d, H, and H^^, or, equivalently, the 
algebra Ai is obtained from the subalgebra §i = K{x,y) of End^f (Pi) by adding the elements H 
and H-^ of End/f (Pi). For each integer to > 1, 5™ = (77y)" = H{H + 1) ■ ■ ■ {H + m - l)y'", 
and so Di9™ — Dij/"*. In ([5], Theorem 2.3) it is proved that the algebra A„ = ®QgZ" ^n.a is a 
Z"-graded algebra where An^a ■= ^k=i ^i.ak{f^) and, for n — 1, 

{x'Bi if«>l, 
Di if i = 0, 

Bia-' = Biy-* ifi<-l. 

Since yx = 1, xy = a{l) = 1 — Eqo, xd — <j{d)x and dy — y<j{d) for all d £ Di, cr(ID'i) C Di, 
'''(Bi) C Bi, and xy is a central element of Bi, by Lemma [3.2[ the Jacobian algebra Ai is the 
GWA Ai = Bi(cr, 1) such that x'Bi = Biz* and y*Bi = Biy* for ah i > 1. Note that a{l)x = x 
and y(T(l) = y. 

For an arbitrary n and for i = 1, . . . , n, Ai(i) = Bi(i)((Ti, 1), and so the Jacobian algebra 

n 

An = (g)Ai(i) =B„((ai,...,a„),(l,...,l)) 

i=l 

is the generalized Weyl algebra where B„ :— (^"^i Bi(i). 

Lemma 3.4 1. The Jacobian algebra A„ = B„(((Ti, . . . , ct„), (1, . . . , 1)) is the generalized Weyl 
algebra. In particular, the algebra A„ — ^^^j^^An^a 'is "L^ -graded where A„^q, — B„Vq — 
vA for all a e . 

2. The Jacobian algebra A„ is obtained from the subalgebra §„ of EndA'(Pn) by adding 2n 
invertible elements , . . . ,H^^ o/ Endi<-(P„). 

Lemma l3.4l fl') gives defining relations for the Jacobian algebra A„. The algebras :— 
0r=i'^i(*)^ and Cn ■■= 0r=oC'i(«) are subalgebras of B„ where Ci{i)+ := K[Hf\{H, + 
l)-i,(i?, + 2)-i,...] andCl(^) :^ Km + Fi^oii) ^ KiH,]^ ^^^^ KEjj{i). 

For each algebra Ai(i), let Ti be the corresponding map r which is extended to the map 
Ti : An — s- A„, a i— >■ yiaxi. It is not an algebra endomorphism but its restriction to the subalgebra 
B„ of A„ is a if-algebra epimorphism, Ti(B„) = B„, with ker(Ti |d,J = KEf)o{i) ^j^i ^lU)- In 
more detail, for a, & g Bi, 

T{a)T{b) = ya{l — EQo)bx = T{ab) — yaEoabx — T{ab), 

since aE^Qb e A'i?oo and yE'oo = 0. For all j £N and d £ B„, dx^ = xlT^{d) and yjd = T^{d)yl. 
Indeed, when n — \, xT{d) = (1 — EQo)dx ^ dx — Eoadx = dx since ii^ooc^ G KEqq and Eqqx = 0. 

Next, we consider two involutions of the algebra A„. Using them we construct the subgroup 
S„ of G„ which is one of the building blocks of the group G„. We use the fact that a product of 
two involutions is an automorphism. 

The involution 6 on A„. The involution 

6 : An ^ Xi ^ di, di ^ Xi, i = 1, . . . , u. 
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of the Weyl algebra An can be uniquely extended to the involution (see [5]) 

0:A„^A„, x,^^^^, ^i^^x^, Hf^^Hf^, i = l,...,n, (22) 
of the Jacobian algebra A„. Moreover, 

9{E^p)^^Ef,^, (23) 
where a! := ai! • ■ - an! and 0! :— 1; and so 

e{F„)=Fn. (24) 

Since 6{xi) — HiUi and 9[yi) — XiHf^ ^ §„ for i = 1, . . . ,n, we see that 6'(S„) % S„, i.e. the 
involution 6 does not preserve the subalgebra S„ of A„ . 

The involution ij of the algebra A„. The involution t] of the algebra §„ can be uniquely 
extended to the involution 

77:A„^A„, x,i^y„ yi^Xi, Hf'^^Hf^, i = l,...,n. (25) 

This can be easily verified using the defining relations of the algebra A„ given by the presentation 
of the algebra A„ as a GWA. In particular, rj{di) = XiHi. Since ri{xi) — yi — H^^di ^ A„, wee see 
that ri{An) % An, i.e. the involution 77 does not preserve the Weyl algebra An- The compositions 
of the involutions rjO and Orj are automorphisms of the algebra A„. Moreover, they belong to the 
stabilizer 

StG^Hi, ...,Hn):={ae (G„ | a{Hi) = . . . , a{Hn) = i?„}, 

and 

T]9: x,^x,H,, y,^H-\„ Hf^ ^ Hf\ 
9r] : Xi^XiH^^, y, H,y,, ijf ^ (-> ijf \ 



Note that {ri9)-^ = 9r] and (776')" : Xi ^ Hr"^y, for aU m G Z, and so the 

automorphism ■i]9 generates a free cyclic subgroup of G„. These automorphisms yield an idea of 
introducing the subgroup 1LJ„ of G„ (see Section |4]). 

Since A„ = 0"^^ Ai(i), there is a natural inclusion of groups 

n n n n 

J]Aut _fS-_alg(Ai(-i)) C G„, (ci, . . . , CT„) ((^ Gi : ai H- CTi(ai)), 

i—1 2 — 1 2 — 1 2—1 

where ai G Ai(i). 

The group S„. For each number i = 1, . . . , n, let ryi and 9i be the involutions rj and 9 for the 
algebra Ai(j). Consider the subgroup of G„, 

n 

S„ := J|Si(i) = (?7i6'i) X ■ • • X {rinOn) ^ Z", where Ei{i) := (77,6*4). 

2=1 

Note that, for all a = (ai, . . . , a„) e Z", 

n 

for all i = 1, . . . , 71. We will see that the group 5„ consists of outer automorphisms of the algebra 
A„ (Corollary [7^. 
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4 Certain subgroups of AutK-aig{^n) 

Recall that (G„ :~ AutA'-aig(-'^n) is the group of automorphisms of the algebra A„. In this section, 
a useful description of the group Gn is given (Corollary 14.81 (1)). an important (rather peculiar) 
criterion of equality of two elements of G„ (Theorem 14. 12p is found, and several subgroups of Gn 
are introduced that are building blocks of the group G„. These results are important in finding 
the group Our goal is to prove that G„ = Sn x (T" x U„) ix ker(^) (Theorem 17. 2p and 

= Sn<x (T" X S„) X Inn(A„) (Theorem [73. In this section, the groups Sn, T", U„, ker(0, 
and Inn(A„) are introduced and it is proved that the inclusion Sn x (T" x U„) x Inn(§„) C G„ 
holds (Lemma 14. lOp . For n — 1, the inclusion is the equality (Theorem 15. 7|) . 

Ideals and the prime ideals of the algebra A„. Recall some facts about ideals of the 
algebra A„ that are proved in [6J and will be used later in the paper. 

is a prime ideal of A„. 

pi := A„_i,p2 Ai(g)F® A„_2,---,Pn := A„_i ® F, 
are precisely the prime ideals of height one of A„. Let Sub„ be the set of all subsets of {1, . . . , n}. 

• (Corollary 3.5, [6 ) The map Sub„ — Spec(A„), I t-^ pj := J2i£iPi' 0, is a bijection, 
i.e. any nonzero prime ideal of An is a unique sum of primes of height 1; |Spec(A„)| = 2"; 
the height of pi is \I\; and 

• (Lemma 3.6, [6 ) pi C pj iff I C J. 

• (Corollary 3.15, [6]) a„ := pi + • • ■ + p„ is the only prime ideal of An which is completely 
prime; a„ is the only ideal a of An such that a ^ A„ and A„/a is a Noetherian (resp. left 
Noetherian, resp. right Noetherian) ring. 

• (Theorem 3.1, [6 ) Each ideal I of An is an idempotent ideal, i.e. — I; and ideals of An 
commute {IJ = J I). 

• (Theorem 3.11, |6]) The lattice of ideals of An is distributive. 

• (Corollary 2.7.(4,7), [6]) The ideal a„ is the largest (hence, the only maximal) ideal of An 
distinct from A„, and Fn is the smallest nonzero ideal of An. 

• (Corollary 2.7.(11), 6 ) GK (A„/a) — 3n for all ideals a of An such that a ^ A„. 

The automorphism 77 G Aut(Gn). The involution 77 of the algebra A„ yields the automor- 
phism 77 g Aut(G„) of the group G„: 

77 : G-„ — > G„, u n- r]ar]~^ . (26) 

Clearly, = e and 77(0") = rjarj since = e. 

The group homomorphism ^. 

Lemma 4.1 cr(a„) ~ a„ for all a e G„. 

Proof. The statement is obvious since the ideal o„ is the only maximal ideal of the algebra A„ . □ 

By Lemma |4. 11 we have the group homomorphism (recall that An = A„/a„): 

^ : G„ ^ AutK_aig(^«), a- (ct : a + a„ 1-^ cr(a) + a„). (27) 

The homomorphisms rj and ^ will be used often in the study of the group Gn. We will find 
the group Autif_aig(Ai) of algebra automorphisms of the skew Laurent polynomial algebra An 
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(Theorem I6.1[) . We are interested in finding the image and the kernel of the homomorphism ^ 
(Theorem 01(2) and Corollary [TjH) . This will help us to find the group G„. We will see that the 
image of ^ is relatively small and the kernel of ^ is large. 

The A„-module Pn- By the very definition of the algebra A„ as a subalgebra of Endif (P„), 
the A„-module P„ is faithful. 

Proposition 4.2 (Corollary 2.7, [6 ) The polynomial algebra P„ is the only (up to isomorphism) 
faithful, simple Kn-module. 

The A„-module Pn is a very special module for the algebra A„. Its properties, especially the 
uniqueness, are used often in this paper. The polynomial algebra P„ — Kx'^ is a naturally 

N"-graded algebra. This grading is compatible with the Z"-grading of the algebra A„, i.e. the 
polynomial algebra P^ is a Z"-graded A„-module. Each element Ui £ Endx {Pn) is a locally 

nilpotent map, that is P„ — ljj>i kerp„(y^). Moreover, 

n 
i=l 

Each element Xi G A„ C EndA'(i-'„) is an injective (but not a surjective) map. Each element 
Hi G A„ C Endi<-(P„) is a semi-simple map (that is P„ = kerp^ (TJ^ — A)) with the set of 

eigenvalues Z+ := {1,2,...} since Hi * x" — (a^ + l)x" for all a G N". Moreover, 

n 

Pi kerp„ {H, ^{a, + l))= Kx", a G N". (28) 

i=l 

In particular, the K[Hi, . . . , _ff„]-module P„ = ^^gyjn Kx" is the sum of simple, non-isomorphic, 
one-dimensional submodules Kx°' , and so P„ is a semi-simple K[Hi, . . . , iJ„]-module. 

For the Weyl algebra A„, the yl„-module An/ X]"=i -^ndi is isomorphic to P„ via l+X^ILi -^ndi ^ 
1. The same statement is true for the algebra A„. 

Proposition 4.3 The A„-module A„/ ^"^j^ A„(9i = A„/^"^j A„yi is isomorphic to Pn via 1 -|- 
E"=i^«2/i 1- 

Proof Since An/ J2^=i^nyi — ^"^iAi{i)/Ai{i)yi, it suffices to prove the statement for 
n — 1. In this case, there is the Ai-module epimorphism / : Ai/Aiy — >■ Pi, 1 -I- Aiy 1. Now, 
the statement follows from Lemma H^ f2) since /(i?io) — a;* for all i > 0, and so ker(/) = Aiy. □ 

Lemma 4.4 1. Ai — xAi 0j>o KEoi- 

2. Ai -Aij/ee,>o^'i;,o. 

Proo/. 1. Recall that Ai = 0,;>i ©ij/' 0,>o a;*Bi and Bi = a{Oi)@KEoQ. For each 
i > 1, xPiy* = <T{Bi)xy' = cr(©i)xyV"^ = cr(Bi)o-(l)y'"^ = fT(©il)y*"i = cr(Bi)2/*-\ and so 
Biy'-i = a(Bi)2/*-i 0i^i;ooy^-i - xB^y' ® KEo,,^i. Therefore, Ai = xAi 0^>o i<ri;o,. 

2. Statement 2 is obtained from statement 1 by applying the involution r/. □ 

Let A be an algebra and a be its automorphism. For an A-module M, the twisted A-module 
"'M, as a vector space, coincides with the module M but the action of the algebra A is given by 
the rule: a ■ m :— a{a)m where a G A and m G AT 

Corollary 4.5 T Tet M he an An-module. P/ien Houia,, (Pn, A'^) — PliLi ker(yi,M)7 / H> /(I), 
where yi^M '■ M — )> M, m i— >■ yim. In particular, EndA„(PTi) — K. 

2. By Proposition \4-2\ for each automorphism a G G„, the An-modules Pn and Pn are iso- 
morphic, and each isomorphism / : P„ — > '^P„ is given by the rule: f{p) = (j{p) * v, where 
V = /(I) is any nonzero element of the 1-dimensional vector space ^^ikei:{a{iii)p^^). 
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As an application of these results to the A„-niodule P„, we have a useful criterion of equality 
of two elements in the group G„. This criterion is used in the proof of the fact that the kernel 
ker(^) has trivial centre (Theorem I7.17p . Another (even more unexpected) criterion is given in 
Theorem 14. 1 21 which is used in many proofs in this paper. 

Corollary 4.6 Let a,T e G„. Then <t t ijf (T{Eao) = t(£'qo) for all a £ N" ijf (T{Eoa) = 
t{Eoc.) for all a G N" iff a{E^p) = t{E^p) for all a,/3 e N". 

Proof. The last 'iff' follows from the previous two. The second 'iff' follows from the first one 
by using the automorphism rj of the group G„: cr = t iff fj{(j) ~ rj{T) iff rj{a){Eao) = ri{T){Eao) 
for aU a e N" (by the first 'iff') iff T]a{Eoa) = V^iEoa) for aU a e N" (since r]{Eao) = Eq^) iff 
t^iEoa) = ri{Eoa) for all a e N" (by applying rj^^ to the previous equality). 

So, it remains to prove that if a{Eao) — r(i?ao) for all a S N" then a = t. Without loss of 
generality we may assume that t ~ e, the identity of the group G„. So, we have to prove that if 
o'iEao) — for all a e N" then a ~ e. For each number i = 1, . . . , n, 

= (1 - £^00(4)) * 1 = cr(l - Eoo{i)) * 1 = (7{xiyi) * 1 = a{xi)a{yi) * 1, 

and so = cr{yi)a{xi)a{yi) * 1 = (7{yiX.i)(j{yi) * 1 = (T{yi) * 1, i.e. fllLi ker(cr(j/i)p,J = K. By 
Corollary [53] (2), the map / : P„ Tm P ^ cr{p) * 1, is an A„-module isomorphism. Now, 
/(cc") = f{Eao * 1) = aiEao) * 1 = E^ * 1 ^ x"' for all a G N". This means that / is the identity 
map. For all a € and p G P„, a * p ^ f{a * p) = a[a) * f{p) = a{a) * p, and so a{a) = a since 
the A„-module P„ is faithful. That is ct = e, as required. □ 

A description of the group The next lemma is extremely useful in finding the group 
of automorphisms of algebras that have a unique faithful module that satisfies an isomorphism- 
invariant property. 

Lemma 4.7 Suppose that an algebra A has a unique (up to isomorphism) faithful A-module M 
that satisfies an isomorphism-invariant property, say V . Then 

AutK-aig(A) ^{(J^\ipG Aut k{M), ipAip-^ = A} 

where aip{a) := (pa(p~^ for a G A, and the algebra A is identified with its isomorphic copy in 
Endi<-(M) via the algebra monomorphism a > (m ^ am). 

Proof. Let a e A\xtK-a.ig{A). The twisted A„-module °"Af is faithful and satisfies the property 
V. By the uniqueness of M , the A-modules M and M are isomorphic. So, there exists an element 
If G Autx(A'f) such that 1^90 — a{a)ip for all a G A, and so cr{a) = ipaip~^ , as required. □ 

Example. The matrix algebra Md{K) has a unique (up to isomorphism) simple module which 
is -fC". Then, by Lemma 14.71 every automorphism of Md{K) is inner. 

Recall that the polynomial algebra P„ is a unique (up to isomorphism) faithful, simple module 
for the algebra A„ and the algebra §„ (see Corollary 2.7, [6 ; and Corollary 3.3, [TU], respectively). 

Corollary 4.8 1. G„ = {a^ \ ip 6 Autx(P„), ipAnip^^ = A„} where a^ia) := ipaLp~'^ , a G A„. 

2. (Theorem 3.2, fill) — Wiplv G Autx(Pn)i 'P^n'P^^ = where a^pia) :— ipaip^^ , 
a G S„. 

In [TT], Corollarv l4.8l (2) was used in finding the group G„. Next, several important subgroups 
of G„ are introduced, they are building blocks of the group G„ (Theorem 17. 2[ Theorem 17. 7p . 

The group Inn(A„) of inner automorphism of A„. Let A* be the group of units of 
the algebra A„. The centre Z{An) of the algebra A„ is K, [6]. For each element u G A*, let 
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LOu '■ A„ A„, a I— >■ uau~^ , be the inner automorphism associated with the element u. Then the 
group of inner automorphisms of the algebra A„, Inn(A„) = {uj^ \ u G A*} ~ A'^/K* , is a normal 
subgroup of Gn ■ It follows from the equality 

r]{uju) = w^(u)-i, u e a;, (29) 

that ry(Inn(A„)) = Inn(A„). Clearly, ^(Inn(A„)) C Inn(^„). The group A* was found in [6], 
Theorem 4.2. 

The algebraic torus T". The n-dimensional algebraic torus T" := {t\ \ A = (Ai, . . . , A„) G 
if*"} is a subgroup of the groups (G„ and Gn where 

tx{x^)^X^x^, tx{y,) ^ X^^y^, tx{Hf^)=Hf\ i^l,...,n. 

Moreover, T" is a subgroup of the group Auti^ _aig(^n) since t\{di) = t\[Hiyi) = X~^Hiyi = 
X~^di. The algebraic torus T" is also a subgroup of the groups Auti^_aig(-4„) and Autx_aig(-^n) 
where 

Then ^(T") = T" and ^(<a) = = tx-i where X~^ := {X^^ , . . . , X-^)\ ^(T") = T" and 
S,{tx) = tx- So, the maps 77 : T" — >• T" and ^ : T" T" are group isomorphisms. Note that 

txiEc^p) = X'^'^Ea^p (30) 

where A""^ ■= ■ 

The symmetric group Sn- The groups G„ and G„ contain the symmetric group 5„ where 
each elements r of S„ is identified with the automorphism of the algebras A„ and §„ given by the 
rule: 

T{xi)=Xr{t), T{yi)^yr(i), T{Hf'^) ^ H^^y i = l,...,n. 

The group 5„ is also a subgroup of the groups Autx-aig(-4.„) and AutA'-aig(-^n) where 

r(a;,) = a;^(,), t{H,) = H^^^, i^l,...,n. 

Clearly, rj{Sn) = Sn and ^(r) = r for all t £ Sn] £,{Sn) = Sn and ^(r) = r for all r G Sn- Note 
that 

T{Eap) = E^(a)T(l3) (31) 

where T{a) := (q;^-i(i), . . . , a^-i(„)). 

The groups G„, G„, Aut_R-_aig(^n)j ^-nd Autif_aig(in) contain the semi-direct product Sn x T" 
since T" n Sn = {e} and 

TtxT^'^ = iT(A) where t(A) := (A^-i(i), . . . , At-i(„)), (32) 

for all T ^ Sn and tx G T". Clearly, the maps 

rj-.Sn^^T"^ Sn K T", Ttx ^ Ttl^, 

are group isomorphisms. 

By (Theorem 5.1, [11]), G„ = S",! k T" k Inn(§„). The algebras §„ and A„ are central, and so 
Inn(§„) ~ §*/if* C A* /if* ~ Inn(A„). Now, statement 1 of the next proposition follows. 

Proposition 4.9 1. G„ = 5„ ix T" k Inn(§„) C G„. 
2. G„ = {aeG„|a(§„) = S„}. 



17 



Proof. 2. Statement 2 follows from statement 1 and Corollary 14. 81 □. 



Proposition 14.91 means that every automorphism of the algebra S„ can be extended to an 
automorphism of the algebra A„. Moreover, it can be extended uniquely (Corollarv l4.13|) . 

The subgroup U„ of G„. The group A| of units of the algebra Ai contains the following 
infinite discrete subgroup Theorem 4.2, [6]: 

n ■■= iUiH + ir ■ \[{H - iTr I K) e ~ z(^). (33) 

i>0 i>l 

For each tensor multiple Ai(i) of the algebra A„ = let T-Li{i) be the corresponding 

group %. Their (direct) product 

n 

H„ :=Hi(l)---?^i(n) =[]Hi(z) (34) 

1=1 

is a (discrete) subgroup of the group A* of units of the algebra A„, and 'Hn — — (Z")(^). 

For each element u = ui . . .Un — (wi, . . . , Un) G T-Ln = Y\a=i using the presentation of 

the algebra A„ as a GWA and the fact that D„ is a commutative algebra we can easily check that 
the map /in : A„ — > A„ is an algebra automorphism where 

fiu ■ Xi 1-^ XiUi, Ui t-> u^^Ui, ^ Hf^, i = 1, . . . , n. (35) 

Let us give two typical verifications that the map fj,u is an automorphism of the algebra A„ which 
use the fact that the algebra A„ is a GWA: 

tJ.uixk)^J-u{yk) = XkUkU^^Uk = Xkyk = 1 - Eao{k) = /in(l - £'oo(fc)), 

and, for each element d e Bn, fiuid)^iuixk) = dxkUk = XkTk{d)uk = XkUkTk{d) = tJ,uixk)fJ-uiTkid)), 
by psp . Note that iiufiv — fJ-uv and /i^^ = /iu-i, and so we have the subgroup of (G„, 

n 

U„:-{Mjii = (ui,...,u„)e7^„-J]7^i(i)}~(Z")(^), f,^^{n,{k)), (36) 

1=1 

where Uk — ni>o(^fc + ■ ni>i(^fe ^ i)"^'^''^ ■ A direct calculation shows that 

{Eij{k)ukTk{uk) ■ ■■rl^'^^iuk) if i > J, 

Eu{k) ifi=j, (37) 

^k'niu^') ■ ■ ■ rr'\^k')E^j{k) if I < J. 

It follows that 

Hui^n) = ICn, Mu|d„ = idD„- (38) 

By the very definition of the group U„, it is the direct product of its subgroups Ui(fc): 

U„ =Ui(l) X ••■ xUi(n) 

where Ui(fc) ~ {nu, \ Uk G Uiik)) ~ Z(^). 

Note that T" n U„ = {e} and t\^u = A*u^a for all t\ G T" and ^lu G U„. Therefore, G„ D 
T"U„ = T" X U„. Note that Sn n T"U„ = {e} and, 

sM(ui,...,«„)S^^ = A'(s(u^_i(i,),...,s(ti^_i(„j)), (39) 

for all s G Sn and /i G U„. Therefore, Sn x (T" x U„) C (G„. The restriction of the homomorphism 
(see (|27)) ) to the subgroup U„ of G„ yields the group isomorphism f : U„ ~ f (U„) = {^{(ti) : 
Xk ^ Xki{uk),Hk ^Hk\uG -Hn}. Moreover, ^ : 5„ x (T" x U^) ~ 5„ x (T" x ^(Un)). 
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Lemma 4.10 S'„ k (T" x U„) k Inn(§„) C G„. 

Remark. In fact, the equality holds for n — 1 (Theorem [5T71(1)), and the strict inclusion holds 
when n > 1 . The last statement can be easily deduced from Theorem 17.71 and the fact that the 
set A^/K* is much more massive than S^/K*. Note that Inn(A„) ~ A„/K* 3 E^n/^* ^ Inn(§„). 

Proof. The groups 5„ k (T" x 1LJ„) and Inn(S„) are subgroups of the group G„ (Proposition 
gH). Since Inn(§„) C ker(^) and ^ : S"™ k (T" x U„) ~ Sn x (T" x ^(U„)), we see that Sn x (T" x 
Un) n Inn(Sn) = {e}, and the statement follows. □ 

The subgroup of G„. For each number i = 1, . . . , n, let TLKi) be the kernel of the group 
epimorphism 

deg^, : n,{i) ^ Z, 1[{H., + j)"^ • n(^' - j)!'' ^ E "'^^ (40) 
j>o j>i fcez 

Then •Hi(i) = {ijf | j e Z} x H'j'(i), and so H„ = {iJ" | a £ Z"} x nl where .= pi^^^ •7^0(j)_ 
Correspondingly, 

U„ - {fiH^ I a e Z"} xV"„= S„ x < where < {^i^ | w G 7^°} ~ K, fin ^ u. (41) 

Let r be an element of a ring i?. The element r is called re^uZar if l.ann/i(r) — and r.ann.r(r) = 
where l.ann/j(r) := {s G i? | sr = 0} is the left annihilator of r and r.annij(r) :— {s G i? 1 7\s = 0} 
is the right annihilator of r in i?. 

The next lemma shows that the elements x and y of the algebra Si are not regular. Note that 
the element cc G is a regular element of the Weyl algebra Ai which is not regular as an element 
of the algebra Ai . 

Lemma 4.11 

1. l.anns^ (x) Si^^oo = ©i>o KEi^ = 0i>o Kx''{l - xy) and r.anng^ (x) = 0. 

2. r.annsj (y) = i^ooSi = 0i>o KEq^^ = 0.t>o -^(1 ~ ^2/)^' '"^'^ l-anng^ (y) = 0. 

It follows from Lemma [4.111 and the presentation of the algebra A„ as a GWA (see also ([20]) ') 
that, for each i = 1, . . . , n, 

l.annA„(a;,) = A„_i,,£;j- o(i) = A„_i,,a;^£:oo(i), (42) 

r.annA„(?;i) = £;oj(«)A„-i,i = £;oo(«)2;i A„_i,,, (43) 

where A„_i,.i stands for '^k^iAi{k). 

For an algebra >1 and a subset S" C A, CenA(S') := {a € A\as = sa for all s G 5} is the 
centralizer of the set 5" in A. It is a subalgebra of A. It follows from the presentation of the 
algebra A„ as a GWA that 

CenA„(xi, . . . ,a;„) = K[xi, . . . ,a;„], CenA„(?/i, . . . ,y„) = K[yi, . . . ,y„]. (44) 

Let E„ := Endx-aig(A„) be the monoid of all the X-algebra endomorphisms of A„. The 
group of units of this monoid is G„. The automorphism rj G Aut(G„) can be extended to an 
automorphism fj G Aut (E„ ) of the monoid E„ : 

rj : E„ ^ E„, cr r]a'q-^ . (45) 

The next result is instrumental in finding the group of automorphisms of the algebra A„. 

Theorem 4.12 Let a,T E G„. Then the following statements are equivalent. 

1. a ~ T. 
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3- cr{yi) ^T{yi),...,a{yn) =T{yn). 

Proof. Without loss of generality we may assume that t = e, the identity automorphism. Con- 
sider the following two subgroups of G„, the stabilizers of the sets {xi, . . . , x„} and {j/i, . . . , t/„}: 

StG„(a;i, . . . ,a;„) := {g e G„|.g(a;i) ^ Xi, . . . , g{xn) = x„}, 
StG„(yi,---,2/«) {5 e G„|5(yi) = yi, . . . , g{yn) = y™}- 

Then 

77(StG„(a;i, • ■ ■,Xn)) = StG„(yi, . . . ,2/„), 77(StG„(yi, • • ■ = StG„(a;i, . . . ,a;„). 

Therefore, the theorem (where r = e) is equivalent to the single statement that StG„ (xi, . . . , Xn) — 
{e}. So, let a 6 StG„(xi, . . . ,a;„). We have to show that a = e, i.e. (T{yi) = yi and a{Hi) — Hi 
for all i. For each i — 1, . . . ,n, I = a{yiXi) = <y{yi)xi and 1 — yiXi. By taking the difference of 
these equalities we see that := a{yi) —yid l.annA„ (a^i). By (jH)), a.; = X]j>o '^jj-^jo(*) for some 
elements Ay G 0^^^ Ai(fc), and so 

O-(yi) = J/i + X! 

The element cr(yi) commutes with the elements <7{xk) — Xk, k ^ i, hence all Ay € K[xi, . . . ,Xi, . . . , Xn], 
by (|44| . Since Ejf){i) ~ xjEooii), we can write 

c^(2/i) = 2/i +K-Eoo(j) for some pi e P„. 

We have to show that all pi = 0. Suppose that this is not the case. Then pi ^ for some i. We 
seek a contradiction. Note that G StG„(a;i, • • ■ ,a;n), and so (j^^(yi) — yi + qiEQo{i) for some 
Qi e P„. Recall that £'oo(j) = l-a^iyi- Then a~^{Eoo{i)) = l-x^{yi+qiEoo{i)) = {l-Xiqi)Eoo{i), 
and 

yi = cr~V(yj) = CT"^(2/.i +_Pii;oo(j)) = 2/» + - Xiqi))Eoo{i), 

and so Qi + Pi — XiPiQi since the map P„ — P„£^oo(*)i P pEoo{i), is an isomorphism of P„- 
modules as it follows from ([2]). This is impossible by comparing the degrees of the polynomials on 
both sides of the equality. Therefore, (j{yi) = yi for all i. 

By Proposition 14.21 there is an A„-module isomorphism Lp : Pn ^ "^Pm P ^ ""(p) * ''^j where 
V := (/?(!) £ r\i=i^^''^''P„{<^{yi)) = r\i=i^^^P„{yi) = K\. Without loss of generality we may 
assume that v — 1. Then 1 — tf{l) — f{Hi * 1) = cr{Hi) * 1 for all i. For each a G N" and 

a{H,)*x°' = a{Hi)x'^ *l = (7{H,)a{x'^)*l = (7{H,x°')*l^a{x°'{H,+ai))*l 
= a{x"'){a{Hi) + a,) * 1 = + 1) * 1 = (a^ + 

This means that the linear maps a{Hi), Hi G Endif (P„) coincide. Therefore, a{Hi) = Hi for all i 
since the A„-module P„ is faithful. This proves that cr = e. □ 

Corollary 4.13 StG„(Sn) := {<t G G„ | cr(S„) = §ri,cr|s„ = idg^} = {e}, and so each automor- 
phism of the algebra §„ can he uniquely extended to an automorphism of the algebra A„ (see 
Proposition \4^.9\ (I)). 

Proof. Exactly the same result as Theorem l4.12l is true for the algebra i.e. when we replace 
the group G„ by the group G„ (Theorem 3.7, [H]). Now, the statement is obvious. □ 

Theorem l4. 121 states that each automorphism of the non-commutative, finitely generated, non- 
Noetherian algebra A„ is uniquely determined by its action on its commutative, finitely generated 
subalgebra P„. A similar result is true for the algebra S„ (Theorem 3.7, [TT]) and for the ring 
27(P„) of differential operators on the polynomial algebra P„ over a field of prime characteristic. 
The algebra 'D(Pn) is a non-commutative, not finitely generated., non-Noetherian algebra. 
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Theorem 4.14 [F (Rigidity of the group Autx-aig(2'(^ri))) Let K be a field of prime character- 
istic, and a,T ^ AutA'-aig(Z^(^n)- Then a ~ t iff (t(xi) ~ t{xi), . . . , cr{xn) = T(a;„). 

The above theorem doest not hold in characteristic zero and does not hold in prime characteristic 
for the ring of differential operators on a Laurent polynomial algebra [8j . 



5 The group Autii:_aig(Ai 



In this section, the group Gi and its explicit generators are found (Theorem 15 .7^ and it is proved 
that any algebra endomorphism of the algebra Ai is a monomorphism (Theorem IS.lOp (note that 
the algebra Ai is not a simple algebra). The case n = 1 is rather special and much more simpler 
than the general case. It is a sort of degeneration of the general case. The key idea in finding the 
group Gi of automorphisms of the algebra Ai is to use Theorem I4.12[ some of the properties of 
the index of linear maps in the vector space Pi = K[x\, and the explicit structure of the group 
Autif_aig(Ai/F) (Theorem 15. 5p . We start this section with recalling some of the results on the 
index from [TT] and on the algebra Ai from [5]. 

The index ind of linear maps and its properties. Let C — C{K) be the family of all 
/^-linear maps with finite dimensional kernel and cokernel (such maps are called the Fredholm 
linear maps/operatorts). So, C is the family of Fredholm linear maps/operators. For vector spaces 
V and U , let C(V, U) be the set of all the linear maps from V to U with finite dimensional kernel 
and cokernel. So, C — Uyc/^(^i ^f) is the disjoint union. 

Definition. For a linear map (y9 G C, the integer 

ind((/3) := dimkcr((y3) — dimcoker(93) 
is called the index of the map ip. 

Example. Note that Ai C EndK(Pi), and, in particular, a;*,2/* G Endi<:(Pi). One can easily 
prove that 

ind(x*) = -i and ind(?/*) = «, j > 1. (46) 

Lemma 15.11 shows that C is a multiplicative semigroup with zero element (if the composition 
of two elements of C is undefined we set their product to be zero) . The next two lemmas are well 
known. 

Lemma 5.1 Let ip : M ^ N and ip : N ^ L be K-linear maps. If two of the following three 
maps: ip, ip, and ipip, belong to the set C then so does the third; and in this case, 



Lemma 5.2 Let 



uid{ip'ip) — ind((p) + ind('0). 




be a commutative diagram of K-linear maps with exact rows. Suppose that ipi,ip2,P>3 G C. Then 

ind(iy92) = ind((pi) + ind((^3). 

Each nonzero element u of the skew Laurent polynomial algebra Ai — £-i[x,x~^;ai] (where 
cri{H) = iJ — 1) is a unique sum u — Xgx'^ + Xs+ix^^^ + • • • + Xdx'^ where all G Ci, Xd ^ 0, 
and Xdx'^ is the leading term of the element u. The integer deg^(M) — d\s called the degree of the 
element u, deg^(O) :— —oo. For all u,v & Ai, deg^(M'y) = deg^{u) + deg^{v) and deg^{u + v) < 
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max{degj,(M), degj,(w)}. The next lemma explains how to compute the index of the elements 
Ai\F via the degree function deg^ and proves that the index is a Gi-invariant concept. Note that 
FnC = 0. 

Lemma 5.3 1. CDAi— Ai\F (recall that Ai C End/f(Pi)J and, for each element a G Ai\F, 

ind(a) = -deg^(a) 

where a = a + F£Ai/F = Ai. 
2. ind(cr(a)) ~ ind(a) for all a G Gri and a £ Ai\F. 

Proof. 1. Since C F — $, to prove that the equality C fl Ai = Ai\F holds it suffices to show 
that ind(a) — — deg^(o) for all a G Ai\F. Let a & Ai\F and d := deg^(a). The element of the 
algebra Ai , 




y'^a if d>0, 
ax~'^ if d <0, 



does not belong to the ideal F (since b — x '^a ^ 0), and deg^(6) = 0. By Lemma [STT] and (|46)) . 
it suffices to prove that ind(6) = since then 

= ind(6) = rf + ind(a), 

that is ind(a) — — deg^ (a). The element b can be written as a sum b — A + ^^^^^ + f for some 
elements A, A; G Ci with A 7^ 0, and f £ F. Fix a natural number m such that the vector space 
V 0™ 6-invariant {bV C V), the element A acts as an isomorphism on the vector space 

U := Pi/V ~ @^^^Kx^ , and fPi C V. Let 61 and &2 be the restrictions of the linear map b to 
the vector spaces V and U respectively. Then ind(&i) — since dim(y) < cxd; and ind(62) = 
since ^2 = A + X]i>i Ai?/* is a bijection. Applying Lemma 15.21 to the commutative diagram 

^ V ^ Pi ^ U ^ 

fel b b2 

^ V ^ Pi — ^ U ^ 

we have the result: ind(6) — ind(&i) + ind(62) = 0. 

2. By Corollarv l4.8l (l). ind((T(a)) = md{(pa(p^^) = ind(a) where a — cr^. □ 

The group of automorphisms of the algebra Ai- Let Qi := Auti^_aig(-^i)- We are 
going to find the group of automorphisms of the algebra Ai :— Ci[x^^;ai\ fTheorem lS.Sp where 
Ci := K[H, {H + i)"^]»ez and ai{H) = H - 1. Let Z(^) be the direct sum of Z copies of the 
abelian group Z. The group of units of the algebra £1 is 

- {An(^ + *)"" I A e K*,ini) £ c^K* X C[ ^ K* x Z^^^ 

where C[ := {]\i^j^{H + i)"- | (n,) £ Z(^)} ~ Z(^), Jl^ezC^ + ^ ("0- The kernel of the 
group epimorphism C\ Z, Y\i^i{H + i)"' X^iGZ equal to 

^? = ^ii^i^.r I K:) e z(-)} . z(-), n(^?f^^)"' - ('^o. 

Similarly, since (-g|ii^)/(|±i±i) = , the kernel C^^ of the group epimorphism C\ 

^' n^ezdiWi)"' E»Gz"«' is equal to 
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Consider the following automorphisms of the algebra Ai : 

(T„ : X 1-^ ux, H H, {u G £-1) 
Si :— Lu^i : X t-^ X, H ^ H — i, (i G Z) 
C : a; n- x~^, H ^ -H, 

and the subgroups they generate in the group Auti<-_aig(^i): L* := {uu \ u G C^} ~ C\, Ou ^ u; 
{si [ « G Z} ~ Z, Si O i\ and (C) — Z2 := Z/2Z since = e. We can easily check that 

s^aus1^ = as^(u), Cc^nC"^ = o-crr' CsjC^^s^^ (47) 

Note that Co^iC"^ = "'f^ in Auti<-_aig('Ci) where (Ji{H) = H — 1. It follows that the subgroup 
of the group of automorphisms of Ai generated by all the automorphisms above is, in fact, the 
semidirect product 

(C) K {s, I i G Z} K {ct„ 1 U G £^1 ~ Z2 K Z K {K* X Z(^)) 

since, for e = 0, 1; i G Z; and u G CI, 

Cs.Gu ■■ X ^ CMu) ■ H ^ i-iyn - ^, 

and so Csiau — e iff e — 0, i = 0, and u = 1. Theorem 15.51 shows that this is the whole group 
of automorphisms of the algebra Ai . Let us collect results that are used in the proof of Theorem 
15.51 It follows from the fact that the fixed ring C^^ := {a G £1 | ai{a) = a)} is equal to K that 

Cen^i(x) = K[x,x''^] and Z{Ai) = K. 

The algebra Ai is a Noetherian domain. Let Frac(„4i) be its skew field of fractions. The algebra 
Ai contains two skew polynomial rings, iir[iJ] [a;; cri] and K[H][x~^]ai^] which are Noetherian 
domains. Moreover, Frac(^i) is their common skew field of fractions. The usual concepts of degree 
deg^(-) in x and deg2.-i(-) in x'^ for the algebras K[H][x;ai\ and K[H][x^^; a^^] respectively 
can be extended to valuations of their skew field of fractions, 

deg,(-),deg,-i(-) :Frac(^i) ^ZU{oo}, 

by the rule deg^±i(a~^6) — deg^±i(6) — deg^±i(a) where a,b e Ai with a ^ 0. Note that 

St(x) := {cr G Aut;f_aig(A) I cr{x) = x} = {s, | i G Z} 

since, for each element a G St (a;), [cr(i7) — H,x] = (t{[H,x]) — [H,x] = x — x — 0, and so 
i := (t{H) — H <E Cen^j(a;) = i4r[x,a;~^]. Then i G Z since the element (t{H) = H + i must be 
invertiblc in Ai. We extend the degree function deg^(-) from K[H] to its field of fractions by 
the rule deg^(afe^^) = dcg^(a) — degj:^(6). For a group G, [G,G] denotes its commutant, i.e. the 
subgroup of G generated by all the commutators [a, b] := aba^^b^^ of the elements a,b G G. The 
centre of a group G is denoted by Z{G). 

Lemma 5.4 1. The commutant [Ak B, Ai>< B] of a skew product Ak B of two groups is equal to 
[A, A] K ([A, _B] • [B,B]) where [A, B] is the subgroup of B generated by all the commutators 
[a,b] := aba~^b for a G A and b e B. Hence. B n [A tx B, A tK B] = [A, B] ■ [B,B] and 

AkB ^ A B 
[AkB.AkB] — [A,A] ^ [A.B]-[B.B]- 

2. If, in addition, the group B is a direct product of groups such that aBiO"^ C Bi for 

all elements a e A and i — 1, . . . ,m then [A ^ B,A ^ B] = [A, A] k Hl^Lid^j Bi][Bi, Bi]). 

Proof. 1. Note that [a,b] = LL!a{b)b^^ where uJa{b) :— aba^^. For a G A and b,c ^ B, 

c[a,b] = cuJaib)b~'^ ^ LL>a{iOa-i{c)b){uJa-i{c)by^uJa-^{c)bb^^ 

= UJaiuJa-^ic)b){uJa--i-{c)by^ -CJa-ilc) 

= [a,Wa-i(c)6] • Wa-i(c). 
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It follows from these equalities (when, in addition, we chose c S [B,B]) that the subgroup of B 
which is generated by its two subgroups, [A, _B] and [B,B], is equal their set theoretic product 
[A,B][B,B] := {e/|e e [A,B],f e [B,B]}. Then the subgroup of C := [A B, A k B] which 
is generated by its three subgroups [A, A], [A, i?], and [B,B] is equal to the RHS, say R, of the 
equality of the lemma. It remains to prove that C Q R. This inclusion follows from the fact that, 
for all ai, 02 & A and &i, &2 G B, 

[0161,0262] = Wai([6i,a2])wa^Q2([6i,62])[ai,a2]wa2([ai,62]) (48) 

which follows from the equalities [a6, c] = a;a([6, c])[a, c] and [a, 6]^^ = [6, a]: 

[0161,0262] = Wai([&i,a262])[ai,a262] = ([0262, ai]a;Qi ([0262, 61]))"^ 

= (Wa2(62, ai])[a2, ai]cJai(Wa2([&2, 6i])[a2, &i])"^ 

= ([61, a2])a;QiQ2 ([61, 62])[ai, a2]cja2 ([oi, 62]). 

2. By statement 1, it suffices to show that [^, n"ii ^«] — n"=i[^i^i]- The general case follows 
easily from the case when m — 2 (by induction). The case m = 2 follows from pS)) where wc put 
61 = 1, fli g A, 02 G -Bi, and 62 G i?2- D 

Theorem 5.5 1. Gi = {au.i,±i ■ x 1-^ ux'^^,H 1-^ ±H - i\u e £l,i E Z}. 

2. Qi = (C) K {s^ I i e Z} K {cr„ I u e £*} 2± Z2 K Z K (/V* X Z(^)) and Z{gi) = {(ta | A = ±1}. 

3. Inn(^i) = {s, I i £ Z} K L? where {(Tu\u e £?}. 

4. Out(y^li) = {Co-Aff. •Inn(y^i) [e = 0,1; A G K*;i G Z} ~ Z2 k (i^* x Z). 

5. [Inn(y^li),Inn(^i)] = L?" where L?" := {o-„ | w G ~ Z(^). 

6. [01, ai] - {S2^ I * G Z} K {a„ I u G K*^C\{-H^)} and g^l\QrM =^ (C) x x ^^^f^^^^^^ . 

Proof. 2. Note that (Tti.i,±i = C^^Sicr^ C"^*(") ^'^'^^'^ £+ = and e_ 1, and so the first 
equality follows from statement 1. The centre of the group Gi is {a\ \ A = ±1} follows from (|T7)) . 

1. Let (J G Qi and H' be the skew direct product of groups in statement 2. We have to 
show that a E H' . The automorphism a can be extended to an automorphism of the skew field 
Frac(A)- Since deg^(cr(i^*)) = Z and deg^-i (cr(F*)) = Z where F* := Frac(y^i)\{0}, we must 
have (t(x) = ax~^ + b + cx for some elements a,b,c G Ci. Since (t{x) is a unit, we must have either 
a{x) — ux or (t{x) — ux^^ for some element u E CI- In both cases, we can find an element, say 
T, of the group H' such that Ta{x) = x, i.e. ra E St{x) — {si \ i E Z}, and so G H'. 

3. The algebra Ai is central, i.e. Z{Ai) = K, and so Inn(^i) ~ Al/K* ~ {x* | i G Z} x C[. 
For each u E C'l and i G Z, the inner automorphism of the algebra Ai generated by the element 
ux^ is equal to cUux' — " ^ ,i, 1 1- Note that for each element m E Z\{0}, 

So, an element v E €[ is of type ^^"^^ for some element u G £'1 iff deg^(w) = iff w G -C". Now, it 
is obvious that Inn(y^i) = | m G £'1, i G Z} = {s^ | i G Z} x {(t„ | u E CI} = {s^ | i G Z} x L'j'. 

4. Statement 4 follows from statements 2 and 3. 

5. By statement 3, the group Inn(^i) is the semi-direct product of two abelian groups. By 
LemmainHKl), the commutant C of the group Inn(^i) is generated by the commutators [si, CTu] = 
(T„i(„) where z G Z and u G £1. Repeating the arguments of the proof of statement 3 where the 

element H is replaced by jytT' ^^^^ ^ ~ "^1°' 

6. Let us prove the equality. The commutant of the group Hi := {Q x {si | i G Z} is {s2i \ i Eli}, 
by ((47|) and Lemma [531(1). By statement 2, the group Qi is the semi-direct product Hi x L*. By 
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Lemma [5^(1), [Qi, Qi] — {s2i | i G Z} k [iJi, L*] since the group hi is abelian. It remains to show 
that [Hi,hl] = {cr„ I u £ K*'^Cl{-H^)}. The group Hi is the disjoint union {s, | i e Z} U {(si | i G 
Z}. The commutators [si,(T„] — crsj(u) = where i G Z and u G >CJ generate the group L^. 

The group L^; is abehan and C L*. The commutator 

is an element of the group L|. Now, 

[(si, an] = (7-^+1^,^-1. =CT(;(„-i)„-i modL?. 

The element m G £i = K* x is a unique product u = Xv where A G K* and v G £[. 
The groups and £J are isomorphic via CTu i— ti. The map £J — u t— )■ is a 

group homomorphism since the group CI is abelian. When u — X, C(A^^)A^^ = A^^, and so 
{"■^ii I M G -f^^*^} C [i/i,LJ]. For an arbitrary element u — Xv, 

C{u-^)u-^ = C{v'^)v'^ = {-H^y^ mod /r^ X £?, 

where d — deg^(w). Therefore, [i/i,L|] = {cr„ |w G K*"^ C\{— H"^)} , as required. It follows from 
the equality for the commutant of the group Qi that in statement 6 the isomorphism holds. □ 

The group of units {1 + F)* and Recall that the algebra (without 1) = 0^ ^gpj KEij is 
the union Moo{K) Ud>i ^Id[K) = limMd(ii:) of the matrix algebras Md{K) := ©i<,j<d_i KE, 
i.e. F = Moo{K)- For each d > 1, consider the (usual) determinant det^ = det : 1 + Md{K) K, 
u I— det(M). These determinants determine the (global) determinant, 

det : 1 + Moo{K) = 1 + F ^ K, det{u), (50) 

where det(u) is the common value of all determinants detd{u), d 1. The (global) determinant 
has usual properties of the determinant. In particular, for all u,w G 1 + Moo(K), det(uu) = 
det(u) • det(w). It follows from this equality and the Cramer's formula for the inverse of a matrix 
that the group GLoo{K) := (1 + Mao{K))* of units of the monoid 1 + Moo(K) is equal to 

GLoo{K) = {uel + Moo{K) I det(u) 7^ 0}. (51) 

Therefore, 

(1 + i^)* = {u G 1 + F I det(u) ^ 0} = GhUK)- (52) 

The kernel 

SLoo(/0 := {u G GLoo(i^) | det(M) = 1} 

of the group epimorphism det : GLoo(^^) K* is a normal subgroup of GLoo(-f'^)- The group 
GLoo(i^) = U{K) K Erx,{K) is the semi-direct product of its two subgroups where U{K) :— 
{^(A) := XEoQ + 1 - Eoq\X e K*} ~ K*, /i(A) O A, and Eoo{K) is the subgroup of GLoo(-ft:) 
generated by all the elementary matrices 1 + XEij where A G and i ^ j- It is obvious that 
E^{K) = SLoo(if), E^iK) = [EUK),E^{K)] = [GL^{K),GL^{K)] and det(^(A)) = A. 
For all elements ct G x Ui and ^(A) G U{K), a{^j.{X)) = /i(A). Therefore, 

<7UJ^(x) = ^^(A)^ (53) 

since crw^(A) = crcj^CA)'^"^ • o- = a;^(^(A))Cr = a;^(A)0-. 

Theorem 5.6 (Theorem 4.6, [11]) 

1. SI = K*{1 + F)* c^K* X GLoo(if). 

2. Z{Sl) = K* and Z((l + F)*) = {1}. 
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3. Inn(§i) ~ Gl.oo{K), uJu ^ u. 
Theorem 5.7 1. d = (T^ x Ui) x Inn(Si). 

2. Gi ~ (Ti X Z(^)) X GLoo(if). 

3. ~ |m e £;oo(i^)} a«rf(Gi/[Gi,Gi] ^ x Ui x U{K) ^ K* x iP) x K* . 

4- The group Gi is generated by the following elements: t\ where A G K* , fi^ where u G 
{{H + i),{H ~ j)i\i e N,j e N\{0}}, anduj,, where w e (1 ~ GLoo(iv:). 

Ptoo/. 1. Let cr e Gi. By Lemma BTTUl (T^ x Ui) x Inn(Si) C Gi. It remains to show that 
the reverse inchision holds, that is cr G (T^ x Ui) x Inn(Si). By Lemma [4.11 (j{F) = F, and so 
the map 

a : Ai ^ Ai/F ^ Ai = Ai/F, a = a + F ^ a{a) + F, 

is an isomorphism of the skew Laurent polynomial algebra Ai — a;^^; cti] where a\{¥F) = 

H ~ 1. By Theorem 15.51 (1). either either a{y) = Xx~^ or, otherwise, ^(y) — Xx for some element 
A G £*. Equivalently, either a{y) = Xy + f or (j{y) — Xx + f for some element A G A'* x H (see 
([55)1 ) and f E F. By Lemma 15751 the second case is impossible since, by P5|) . 

1 = ind(y) = ind(cr(y)) = ind(A.T + /) = — dcg^(Aa;) = — 1. 

Therefore, a{y) = Xy + f. The element A G K* x H is a. unique product X — I'u where v G K* 
and u € H. Then, t^HuO'iy) = y + 9 where g := t^^uif) G F since t^^u{F) = F (Lemma 14. ip . 
Fix a natural number m such that g G X]i^=o ^^ij ■ Then the finite dimensional vector spaces 

m m+1 

1/ AV C := Kx' 

i=a 1=0 

are j/'-invariant where y' :— t^fiuO'iy) = y + g. Note that y' * — y * x™^^ — x™ since 

g * = 0. Note that Pi = lJi>i ker(y*) and dimkerpj(y) = 1. Since the Ai-modules Pi and 

t,.PuO-p^ are isomorphic (Proposition 14.21) . Pi — Ui>i '^^^(j/'*) ^^-^ dimkerp^ (j/') = 1. This implies 
that the elements iiT-basis for the vector space V' where 

x[ := y"^+^-' * x"'+\ z = 0,l,...,m; 

and the elements X-basis for the vector space V. Then the elements 

rr' ^' m+2 

*^0''^l'''''*^m'*^ '"^ J--- 

are a if-basis for the vector space Pi. The if-linear map 

: Pi Pi, H> X- (i = 0, 1, . . . , m), a:^ i-> x^ {j > m), (54) 

belongs to the group (1 + F)* = GLoo{K) — Inn(§i) (by Theorem 15.61) and satisfies the property 
that y'ip = Lpy, the equality is in Endi<-(Pi). This equality can be rewritten as follows: 

i^i^-iii/M«cr(y) = y where lo^-i G Inn(Si). 

By Theorem 14. 12[ a = t^-iijy^-iuj^ G (T^ x Ui) x Inn(Si), as required. 

2. Statement 2 follows from statement 1 since Ui ~ Z(^) (by ^) and Inn(§i) ~ GLoo(A') 
(by Theorem 15. 6p . 

3. Let us identify the groups Inn(§i) and GLoo{K) via ++ u (Theorem 15.61 (3)). By 
statement 1, Gi = (T^ x Ui) x GLao{K). By Lemma [El 



[Gi , Gi] = [Ti x Ui , GLoo (K)] ■ [GL^o (K) , GLoo ( A^] ^ [T^ xiJi,U{K) x (K)] ■ (K) 
= [T^ xVi,U{K)]-E^{K) = E^{K) (by((55|)), 

Gi/[Gi,Gi] ~ (T^ X Ui x j7(a:)) X i;oo(A:)/£;oo(A:) ~ x Ui X [/(AT) ~ a:* X z(^) x a:*. 

4. Statement 4 follows from statement 1. □ 
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Corollary 5.8 Each automorphism a of the algebra Ai is a unique product a = t^-i where 
a{y) = vuy mod F and G (1 + F)* = GLoo(-^) is defined in 

Proof. The result was established in the proof of Theorem 15. 71 (1) apart from the uniqueness 
of If which follows from the fact that the centre of the group (1 + F)* — GLoo(-fi') is {1}, Theorem 
[511(2). □ 

Corollary 5.9 C(<Gi) = {cr„ | li £ CI} and ker(^) Inn(§i). 

Proof. Since ^ ; x Ui ~ {au | m G and Inn(§i) C ker(^), the statements follow from the 
equality d = (T^ x Ui) x Inn(§i) (Theorem [5Jl(l)). □ 

By Theorem 4.2, ^ , the group of units of the algebra Ai is 

Al=K* x{niK{l+F)*). (55) 

It is a trivial observation that every algebra endomorphism of a simple algebra is a monomor- 
phism. The algebra Ai is not simple but for it, as the following theorem shows, the same result is 
true as for the simple algebras. 

Theorem 5.10 Every algebra endomorphism of the algebra Ai is a monomorphism. 

Proof. Recall that F is the only proper ideal of the algebra Ai, and Ai/F = A\ :— C.\ ~ 
CTi] is a simple algebra where (Ti (iJ) = H — l. Suppose that 7 is an algebra endomorphism 
of Ai which is not a monomorphism, then necessarily "f{F) = 0, and the endomorphism 7 induces 
the algebra monomorphism 7 : Ai — ?• Ai, a + F 1-^ j{a). We seek a contradiction. Since yx = 1 
and xy = 1 — Eqq, we have the equalities j{y)j{x) = 1 and j{x)^{y) — 1, i.e. the elements 7(2;) 
and 7(2/) are units of the algebra Ai. The algebra Ai is generated by the elements x, y, and 
, and so the noncommutative simple algebra 7(Ai) is generated by the units 7(2;) , 7(2/), and 
j{H^^) of the algebra Ai. By ([55]), the images of the elements 7(x) , 7(2/), and 7(iJ^^) under the 
epimorphism tt : Ai — > Ai/F belong to the commutative group 7r(A*) = K* x 7t{TL), and so they 
commute, this contradicts to the fact that Tr^{Ai) ~ „4i is a noncommutative algebra. □ 

6 The group of automorphisms of the algebra An '■= ^n/o.n 

Let Gn := AutK-^ig{An). Since An = ^7=i^ii^) - -^f" where Ai{i) = Ci{i)[xf^;a^], a^{H,) = 
Hi — 1, Ci{i) = K[Hi, {Hi + j)~^]jGZ: the group G71 contains the symmetric group Sn (elements of 
which permutes the tensor multiples of the algebra An) and the direct product Y["=i ^i(*) where 
Gi{i) '.= AntK-a\g{Ai{i)). Moreover, Sn x IliLi ^i(*) ^ Qn- Our goal is to show that the equality 
holds (Theorem 16.11 (1)). The group of units An of the algebra An is equal to 

a:^^k* -K (x„ X c'j 

where X„ := {x" 1 a G Z"}, Wi^,C',{i), and C',{i) {n,ez(^« + j)"-' I {n.,,) G Z(^)} ^ 

Z(^). For each number i — 1, . . . ,n, C\{i) = {u € C[{i) \ deg^. (w) — 0} is the subgroup of C[{i). 
Then 

n 

C n^?(*) - e C I deg^,(^) = ■ • ■ = deg^J^) = 0} 

1=1 

is the subgroup of £^ . The commutant of the group A^ is equal to 

[A*^,A:]^CI (56) 

In more detail, by LemmaEH [Al,A*J = [Xn^CJ = nr=i Pi(«), A(0] = Uti^ii^) = ^l- Let 
A be a if-algebra and Z{A) be its centre. For each element a G A, ad(a) : b 1-^ ah — ba is the inner 
derivation of the algebra A associated with the element a. An element a G A\Z{A) is called a 
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strongly semi-simple element of the algebra Aif A = ker(ad(a) — A) where E = Ev(ad(a), A) 

is the set of eigenvalues for the inner derivation ad(a) that belong to the field K . If a is a strongly 
semi-simple element of the algebra A then so is the element cr{a) for every automorphism a of the 
algebra A. 

Theorem 6.1 1. Gn = Sn k nr=i 

2. Z{Qn) = {e,cr(_i,. where ^(-i,...,-!) : Xi -Xi, Hi ^ Hi, i = 1,. . . ,n. 

3. Inn(^„) ~nLiInn(^i(z)). 

I Out(A0 ^ K riLi OntiAiii)). 

5. [Inn(A„),Inn(A)] = nr=i[Inn(A(z)),Inn(A(*))] ^ K^^l^Ti^)- 

6. [Qu.Qn] = [Sn,s^] X ([^„,nr=i^iW] ■nr=i[eiw>^i(0]) <^nd ^ x 

see Lemma \5.4\ and Theorem \5.5l f6) for details. If, in addition, the field K is algebraically 

closed then ,^ " , ~ < 

[^-^"1 [Z^ ifn>l. 

Proof. 1. Let a e Qn- We have to show that cr G k nr=i^i(*)- restriction of the 

automorphism a to the group [^j,^*] = £5^, see ([55]) . yields its automorphism. For each number 
i = l,...,n,l + H-^ ^ e C°, and so a{l + Hr^) e Cl C C*^, i.e. cr(iJ,) e ^ K* x 

The element Hi is a strongly semi-simple element of the algebra An with Ev(ad(_ffi), = Z. 
Therefore, a{Hi) is a strongly semi-simple element of the algebra An with Ev{ad{a{Hi)) , An) = Z. 
It is not difficult to show that each strongly semi-simple element of the set is of type X{Hk+j) for 
some A G K* and j G Z. Therefore, a{Hi) = Ai(i/s(i) -I- ji), i = for some s e S'„, Ai G K* , 

and G Z. Up to action of the group Sn we may assume that s = e, i.e. a{Hi) = Xi{Hi -\- ji). 
Then, up to action of the group {uj^ \ v G see (|13p . we may assume that all ji = 0, i.e. 

a{Hi) = X,Hi. Now, 

Z = Ev(ad(a(i7,)), AO = Ev(A,ad(i/,), -4„) = A,Ev(ad(i/,), -^n) - A,Z, 

and so Ai = ±1. The group Qi{i) contains the automorphism Q : Xi i— > x^^, iJ^ ^ — of order 
2. Up to action of the group n"=i(Cj)j ^i^Y assume that all Xi = 1, i.e. a{Hi) = Hi. Then 
a~^{Hi) = Hi for all i. For each element a G Z", ^Cnx" = PlILi ^^^-^-i (^"^(-^i) ~ '^i)- Therefore, 
aiCnx") C Cnx"' and cr^^(£„a:;") C Cnx" , i.e. (^(/Inx") = Lnx" . Therefore, a{xi) = UiXi 
for some element Ui G £*, ? = By Theorem 15.51 (2). the group Qi{i) contains the 

subgroup {fJt,. \ vi G C\{i)}. Up to action of the group HlLil'^'ui \ ^ '^^ may assume 

that Ui G -fC* Wj^i ^lU)- In particular, <7i{ui) = Ui for all i. For each pair of indices i ^ j, the 
elements a{xi) and o'{xj) commute, and so 

Ui{uiUj)xiXj = Uiai{uj)xiXj — UiXiUjXj = a{xi)a{xj) = a{xj)a{xi) 

hence ai{uiUj) — aj{uiUj). By the very choice of the elements Ui, this is possible iff ai{uiUj) = UiUj 
and aj{uiUj) — UiUj iff Uiai{uj) = UiUj and aj{ui)uj — UiUj iff (Ji{uj) = Uj and (Jj{ui) = Ui iff all 
Ui G iiT*. Now, it is obvious that a G n"=i 

2. We assume that n > 1 since for n = 1 the statement is true (Theorem 15.51 (2)). For each 
element s G Sn, the restriction of the inner automorphism : i H> sts^^ of the group Gn to its 
normal subgroup 0"=! permutes the components. Therefore, the centre Z of the group Gn 
is a subgroup of nr=i and so Z C n"=i Z{Gi{i)). Now, statement 2 follows from Theorem 
[531(2). 

3. Inn(^„) ^ A*/^* ^ n:ii(^I(*)/^*) ^ n:Li Inn(A(0)- 

4. Out(^„) = e„/Inn(A) (^nXllLi W)/ IlLi Inn(A(i)) ^ ^„><nr=i ei(z)/Inn(A(i)) ^ 
KntiOut(A(»)). 

5. Statement 5 follows from statement 3. 

6. Statement 6 follows from statement 1, Lemma [531 and Theorem 15. 51 (6). □ 
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7 The group of automorphisms of the Jacobian algebra A 



In this section, the groups G„, Inn(A„) and Out(A„) are found f Theorem 17.71 Theorem 17.61 and 
CoroUarv 17.81) . The image of the homomorphism ^ (Theorem 17. 2p . its kernel fCoroharv l7.4p . and 
the group Autz"-gr(A„) of the Z"-grading preserving automorphisms of the algebra A„ are found 
f Corollary I7.10p . and the stabilizer StG„('Hi) of all the height one prime ideals of the algebra 
A„ is described f Corollary 17. 9|) . These results are used in Section |8] where the stabilizers of all 
the ideals of the algebra A„ are found. It is proved that the groups G„ and ker(^) have trivial 
centre (Theorem [733 Theorem [737]) • Explicit inversion formulae for automorphisms a £ G„ and 
a e Gn are obtained, (|^ and ([S5)) . 

A characterization of the elements of the group G„. For each automorphism a of the 
algebra A„, the next corollary gives explicitly the map € Autj<-(P„) such that a — (see 
Corollary 14. 8p . Corollary 17.11 is used at the final stage of the proof of Theorem 17.21 and Theorem 
1771 

Lemma 7.1 For each automorphism a of the algebra A„, there exists a K-hasis {x'^jagN" of 
the polynomial algebra Pn such that a{Hi) * a;'" = {ai + l)x'" and a{yi) * x'" — for all 

i = l,...,n (where x'^ := if ^ e Z"\N";. Then 

1. a ^ where the map ip G Autx(^'n)-' H> x'" is the change-of-the-hasis map, 

2. a{xi) * x'" = a;'"+"^i for all i = 1, . . . ,n, and 

3. the basis {x'°'}aen" is unique up to a simultaneous multiplication of each element of the basis 
by the same nonzero scalar. 

Proof. Recall that the polynomial algebra P„ = ^^g^n Kx" is the direct sum of non- 
isomorphic, one-dimensional, simple K[Hi, . . . , ff„]-modules (see (|28|)) such that yi * x" ~ x"^'^^ 
for all a e N" and i = 1, . . . , n (where x'^ := if /3 £ Z"\N"). Recall that a ^ for some 
linear map ip G Autx(-Pn), the linear map (/? : P^i — > Pn is an A„-module isomorphism (Corollary 
14.81 (1)). and the map ip is unique up to a multiplication by a nonzero scalar since EndA„(Pn) — K 
(Corollary 14.51 (1')'). Let x'" := ip{x°') for a G N". Then the fact that the map (p is an A„-module 
homomorphism is equivalent to the fact that the following equations hold: 

a{Hi) * x'" = pHip^^(p*x' 
a{yi)*x'°' = cpyiip^'^ip * x'^ 
a(xi) * x'" — ipxip}"^ ip * x° 

Note that the last equality follows from the previous two: by the first equality, the polyno- 
mial algebra P„ — Kx'" is the direct sum of non-isomorphic, one-dimensional, simple 
K[aiHi), . . . , cr(iJ„)]-modules. Since a{H,)a{x,) * x'" = a{HiX^) * x'" = a{xi{Hi + 1)) * x'" = 
a{xi){a{Hi) -I- 1) * x'" = (a^ -|- 2)a{xi) * x'" for all i, we have a{xi) * x'" = Ai^Q.a;'"^'^' for a scalar 
Ai_Q, which is necessarily equal to 1 since 

x'" = <j(y,)a{x,) * x'" = X^My^) * x'"^"' = Kcx'". 

Since the isomorphism (p is unique up to a multiplication by a nonzero scalar, the basis {x'"} is 
unique up to a simultaneous multiplication of each element of it by the same nonzero scalar. The 
proof of the lemma is complete. □ 

Let A = Ac be a Z"-graded algebra. Each nonzero element a of A is a unique sum 

Ua where Oq, G Aa- Define \a\ :— max{|ai|, . . . , |a„| | Oq, 7^ 0} and set |0| :— 0. For all elements 
a,b G A and A G K* , \a + b\ < max{|a|, \ab\ < \a\ + \b\, and |Aa| = \a\. In particular, 
a™ I < m|a| for all m > 1. In the proof of Theorem 17.21 we use the concept of | • | in the case of 
the algebra A„. 



= (a, -f l)v3*x" = (a, + l)x'". 
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For each natural number d> 1, there is the decomposition K[xi] = (0^^o -^^i ) ® (®fc>d ^^i)- 
The idempotents of the algebra A„, p{i, d) := X]j=o ^jj (*) ^^'^ f^) 1 ^ p{i, d), are the pro- 
jections onto the first and the second summand correspondingly. Since P„ = ^"^i K[xi], the 
identity map 1 = id_p„ on the vector space P„ is the sum 

n 

l = (^{p{l,d)+q{t,dj)^ p{I,d)q{CI,d) (57) 

!'=1 7C{l,...,n} 

of orthogonal idempotents where d) := YlnziPihd), q{CI,d) := Oiec/ '^)' Pi^^^) 1' 
and q{(l>,d) 1. Each idempotent p{I,d)q{CI,d) G S„ C A„ C End_R:(-Pn) is the projection onto 
the summand P„(/,d) in the decomposition for P„, 

Pn = Pnil, d), Pn{I, d) := 0{Xa;" | a, < d, if z G /; a, > d, if j G CI}. (58) 

/C{l,...,n} 

In particular, the idempotent ^({l, . . . , n}, d) is the projection onto the subspace P„({1, . . . , n}, d) = 
0{ifa;" |all at > d}. 

A formula for the map cp such that a — a^. By Theorem 14. 121 each element cr — £ G„ 
is uniquely determined by the elements cr(j/i), . . . , cr{yn). In the proof of Theorem 1 7. 21 an explicit 
formula for the map (f is given, ([SO]) , via the elements cr(j/i), . . . , cr(i/„). 

By the very definition, the group ker(^) contains precisely all the automorphisms a G Gn such 
that 

a{xi) = Xi mod a„, a{yt) = mod a„, a (Hi) = Hi mod a„, i = 
Theorem 7.2 1. G„ = Sn x (T" x U„) k ker(C). 

^. im(^) = Sn IX niLiif^". I ""i £ -^il*)} w^ere cr„, G : Xi ^ UiXi, Hi. 

3. ker(^) C Inn(A„). 

Proof. 1. Statement 1 follows from statement 2. Indeed, suppose that statement 2 holds. 
Then the restriction of the homomorphism ^ to the subgroup Sn x (T" x U„) of G„ yields an 
isomorphism to im(^), and so statement 1 follows from the short exact sequence of groups: 1 — > 
ker(C) ^ G„ ^ im(^) 1. 

2. For n = 1, statement 2 is obvious fCorollarv 15.91) . Let n > 2. Let i? be the RHS 
of the equality in statement 2. For each number i — consider the subgroup T{i) 

(Ci) X {si^j \j € Z} of C7i(i) where Ci '■ ^i ^ x~^, H^ -iJ^; and s^j : Xi, H^ ^ H^ - j. 

Then r„ := YliLi is the subgroup of n"=i Using the descriptions of the groups Qn and 

Gi{i) (Theorem l6.11 fl) and Theorem l5.51 f2)) and (H71) . we see that the group Gn is equal to the set 
theoretic product i? • r„ := {r7 | r G i?, 7 G r„} with i? n r„ = {e}. Since ^ : S,, tx (T" x U„) ~ R, 
we have 

im(0 = im(e) n Gn = im(0 n Pr„ = i? • (im(0 H r„). 

All the elements yi G Endi<-(P„), i = 1, . . . ,n, are locally nilpotent maps. For all automorphisms 
a G Gn, the elements a{yi) G A„ C Endif(P„), i = are locally nilpotent maps since 

"^Pn^Pn- Therefore, 

im(0 n r„ = im(0 n Sh„ 

where Sh„ :— HiLii'^^-J I i ^} is the subgroup of r„ (otherwise, take a G im(^) nr„\im(^) nSh„, 
then cr(yi) = Xi + ai for some i and G o„, but the element Xi + ai is not a locally nilpotent map 
as {xi + GiY * {xi ■ ■ ■ Xn)^ = x^xi ■ ■ ■ Xn)'' ^ for all j > 1 and fc » 0, a contradiction). 

It remains to show that im(^) n Sh„ = {e}. Let ^(cr) G im(^) n Sh„ for an element a G G„. 
There exist elements j :— (ji, . . . , j„) G Z" and d G N such that 

n rf— 1 

cr(iJi) - Hi- ji, a{xi) - Xi, cr(yi) - 2/i £ ^ A„_i^fc ® ( ^ KEst{k)) for all i, (59) 

fe=l s,t=0 
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where A„_i^/j ^i-ik ^^iO- have to show that all ji — 0. In fact, it suffices to show only 
that all ji < (indeed, since a~^{Hi) = Hi — ji mod o„, then —ji < 0, i.e. ji = for all i). 
Suppose that there exists an index, say n, such that j„ > 0. We seek a contradiction. For vectors 
a, /3 G N" , we write a >^ /3 if ai > . . . , > /3„. By the choice of the number d, for all elements 
a e N" such that a ^ d:= {d, . . . ,d) and for all i = 1, . . . , n, 

a{H,)*x'' - {H,+j,)*x'' ^{a, + l+j,)x", 
a{xi)*x°' — Xi * x" — x°'^'^% 

<y{yi) ^ y^*x°' ^ x"'"^ (x^ := if /3 e Z"\N"). 

By Lemma 17.11 for the automorphism a — there exists a unique if-basis {I'^jagN" of the 
polynomial algebra P„ such that x'"'^^ — a;" for all a y d, and the map (p : Pn ^ '^Pn, H> 
x'" (a e N"), is an A„-module isomorphism. For each natural number t, the set Ct :— {a G 
N"^^ I all ai < t} contains t"~^ elements. Let c := 2{d + jn){\o'{yn)\ + 1). Fix a natural number 
s such that s > c + d, and let Wt := (s, s, . . . , s, d) + Ct (recall that Ct C N"~^ C N") and 
Ilf := 0„g^j Kx". For ah elements a eWt, (j{Hn) * x" = {d + jn + l)x". It follows that the set 
n't Efcii" '^(Vn) * Ht is the direct sum 0^1^ <j{y^J * Ut, and C n'/ := EaeVF,' ^a;" where 
:— {{s — c, . . . , s — c) + Ilt+2c) X {0, 1, . . . , d — 1}. Comparing the leading terms of both ends 
of the inequality, 

{d + j„)r-i = dim(n',) < dim(n'/) d{t + 2c)"-i = dt'"-^ + ■■■ (t > 1), 

we conclude that j„ < 0, a contradiction. Therefore, all ji = 0, and the proof of statement 2 is 
complete. 

3. Let (T G ker(^). Then ^(cr) = e G im(^) fl Sh„ = {e}, and we keep the notation of the proof 
of statement 2 for the automorphism a — <7ip (where all ji = 0) . It remains to show that ip G A„. 
This is obvious since 



^=g({i,...,n},d)+ j2 ( E n^(2^r"')-n^''"'-^-(^))?'(^''^M^^''^) (^o) 

05^/c{i, ...,«} aeCd(,i)jei iei 

where Cd{I) '■— {(ai)ig/ G | all ai < d}, Eaa{I) ■— Hie/ Ea,a,ii), and d is from ([55]) . To prove 
that this formula holds for the map (p we have to show that ip* x" = x'" for all a G N" . For each 
monomial a;", let I := {i \ ai < d}. Then a;" = Hie/ 3;"' • Tlfcec/ ^fc*" ^^"^i if ^ 

<i-ai\ TT d— a,- TT a,- TT ai, TT / d-c 



je/ ie/ iei keci jei i£i keci 



If / = then ip * x" — 9({1, . . . ,n}, d) * x" ^ x" = x'". The proof of the theorem is complete. □ 
Corollary 7.3 G„ D G^, := 5„ x (T" x U„) k GLoo(if) x • • • k GL^{K) and U„ ~ (Z")(^). 



2"- — 1 times 



Proo/. Since (see Corollary [7131) ker(0 D Inn(§„) D GLoo(i^) x ••• x GLoo(ii'), [TI], the 

2^ — 1 times 

statement follows from Theorem 17. 21 f 1.3). □ 

Corollary 7.4 Lei ct = fi;^ G kcr(^) where ip G A* is /rom i60\) . Then 

1. ip = I mod a„, i. e. G (1 + a,i)*, and so the element ip from i60\) is the unique element 
tp' such that a = a^i and ip' = 1 mod o„; and 
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2. ker(^) = {w^ | £ (1 + o„)*} ~ (1 + o„)*, ^ ip. 

Proof. 1. By ([60]), ip = . . . , n}, d) = 1 mod a„. 
2. Statement 2 follows from statement 1. □ 

The canonical presentation of ct £ G„. By Theorem 17.21 fl) and Corollary 17.41 each 
automorphism u of the algebra A„ is a unique product stx^u^tp where s G S*,!, G IT", /i„ G U„, 
and LJip is an inner automorphism of the algebra A„ with G (1 + a„)*. 

Definition. The unique product a = st\^u^ip is called the canonical presentation of a. 

Corollary 7.5 Let a G G„ and a = sixfiui-^ip be its canonical presentation. Then the automor- 
phisms s, t\, and LOip can be effectively (in finitely many .steps) found from the action of the 
automorphism a on the elements {Hi, Xi,yi \i = 1, . . . , n}; 

a{Hi) EE iJg(j) mod a„, a{xi) = Xs^i)\is{ui) mod a„, 
and the element ip is given by the formula \60jl for the automorphism {st\^,u)^^(J G ker(^). 

A formula for the inverse map where a = a^p ^ ker(^). For an automorphism 
cr = (Ti^ G ker(^), i.e. iy9 G (1 + 0^)* is as in (|60p . we are going to produce a formula for the inverse 
tf~^ (see (|6T|) ) which is the most difficult part in finding the inversion formula (|62|) for a G G„. 
Since : P„ = 0„eN" ^x"' ^ _P„ = 0„gN" ^^"^ and x'" = (^(x"), for each element a G N", the 
projection E'^^ onto the summand Kx'"' is equal to (pEaaf^^ = cr{Eaa)- For each subset / of the 
set {1, . . . , n}, let 

P'n{I,d) := if{P^{I,d))=^{Kx'°'\ai < d if i G /; > d if j G CI]. 

Since •p ■ Pn = ® Pn{I, d) ~ F„ = -P^ (/, d), the projections onto the summand d) is equal 
to 

ipp{l,d)qil,d)ip-' ^a{p{I,d)qiI,d))^a{p{I,d))a{q{I,d))^p'{I,d)q'iI,d) 

where p'{I, d) :— cr{p{I, d)) and q'{I, d) := cr{q{I, d)). 

The inverse map (p^^ of the map tp from ()60p is given by the rule: 

0#/C{l n} aeCd(I)j&I lei 

(61) 

where 11.6/ ^^a.a. (») and E^^(i) a(i?,,(z)) = - cT(x,p+V(y,0-''+^ 

P'a.'^) := and p'{i,d) := a(p(*,d)) = E,to^ij(0; ^'(C^/,^?) := ^(<z(C/,d)) - 

n,gc7(l - P'{d,i})- Let V be the RHS of ([61]). We have to show that ip : x'" ^ x" for aU 
a G N". Fix a, and let / {i | a, < d}. Then x'" = n»e/ ^^f' • Il/ceC/ ^T" and, if / 7^ then, by 
Lemma 0(2), 

jG/ ie/ i£i keci jei iei keci 

= n 

jei lei keci 

If / 7^ then V' * x'" = ^'({1, ...,n},d)* x'" = a;'" = x". This finishes the proof of (jeT]) . 

An inversion formula for cr G G„. Let a G Gn and a — stxHui^^p be its canonical presenta- 
tion. Then the inversion formula for a^^ is given by rule: 

<^^^ = ■S""^^s(A-i)Ms(u-i)'^stA/i„(v-i)' (62) 
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this is the canonical presentation for the automorphism a ^ where ^ is given by (1611) . Indeed, 
The groups G„ and Inn(A„). 

Theorem 7.6 Inn(A„) = U,"^ ix ker(,f) ~ U° k (1 + a„)*. 

Proof. It sufBces to prove the equahty since then the isomorphism holds, by Corollarv 17.41 f2). 
Since G„ = k (T" x U„) x ker(C) and ker(^) C Inn(A„) (Theorem [7l2l(l,3)), we see that 
Inn(A„) ^ X K ker(^) where I := Inn(A„) H Sn K (T" x Un). Since ^ : Sn >^ (T" x U„) ~ 
Sn X (T" X ^(Un)), we have ^ : Z ~ By the very definition of the group I, 

C Inn(AOn^" ^ ^^(U")) 

71 

= ]Jlnn(A(i))n'^" ^ C^" ^ ^(U")) (TheoremilKa)) 

i=l 
n 

= Wlnn{Ai{i))P\T' x^{\].n) (Theorem|nil(l,3)) 

i=l 

n n 

n 

n 

= n^(^?(*)) (Theorem[S31(3)) 

i=l 

n 

= e(nu?«)-e(u°), 

i=l 

hence I = V° since I, U?, C S„ x (T" x U„) and Sn« (T" x U„) ~ S'„ x (T" x C(U„)). Therefore, 
Inn(A„) = X ker(0. □ 

Theorem 7.7 G„ ^ Sn x (T" x S„) x Inn(A„). 

Proof. The statement follows from two facts: G„ = Sn x (T" x S„ x U") x ker(^) (Theorem 
0(1)) and Inn(A„) = U° x ker(e) (Theorem ES])- □ 

Corollary 7.8 Out(A„) ~ Sn x (T" x S„). 

Recall that the set Hi of height one prime ideals of the algebra A„ is {pi, . . . , p„}. The next 
corollary describes its stabilizer, 

StG„('Hi) := {a e G„ |cr(pi) = pi, . . . , cr(p„) = p„}. 

Corollary 7.9 StG„('Hi) = (T" x S„) x Inn(A„) = (T" x U„) x ker(0. 

Proof. The second equality is obvious since 1LJ„ = S„ xUj'j and Inn(A„) = Uj'j xkcr(^) (Theorem 
17. 6p . It remains to show that the first equality holds, that is 5* = i? where S := St(G„(Hi) and 
R (T" X En) X Inn(A„). The inclusion RCS follows from 1^ and Clearly, SnSn = {e}. 
By TheoremO S = S H Gn = S n {Sn >i R) = (S (1 Sn) ■ R ^ {e} ■ R = R. n 

The algebra A„ — 0„gz" ^n.a is a Z"-graded algebra. Let Autzr>_gr(A„) := {ct S G„ | (T(A„,a) = 
A„.Q for all a € Z"} be the group of automorphisms of the algebra A„ that respect the Z"-grading, 
and StG„(i/i, ...,Hn) ■.= {ae (G„ | a(i/i) = i?i, . . . , a(i/„) = i/„}. 
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Corollary 7.10 1. StG„(ffi, . . . , i?„) = T" x U„. 

2. Autz-^-grlA,,) = StG„(-ffl, . . . ,i?„). 

Proof. Note that T" x U„ C S* := StG„ . . . , and S C Autz"-gr(A„) since A„,„ = 
Pl"^-^ kerA„ (ad(i7i) — ai) for all a G Z". To finish the proof of both statements it remains to show 
that Autz"-gr(A„) C T" xU„. Let a G Autz"-gr(A„). For each number i — 1, . . . 
and A„^„e; — Dnj/i, and so a{xi) = XiUi and cr(yi) = Viyi for some elements u^, Vi G such that 
1 = cr(l) = (T{yiXi) — Vii/iXiUi — ViUi, and so Vi — u^^ (as D„ is a commutative algebra). Now, 
^^^a{xi) — Xi for all i where /z„ G T" x 1LJ„ and m = (ui, . . . ,m„). By Theorem I4.12[ ^~^(J = e, 
and so cr = /Lt„ G T" x 1U„, as required. □ 



The inner canonical presentation of ct G G„. By Theorem 17.71 each automorphism a of 
the algebra An is a unique product stxi-iH^^^w where s G Sn, t\ G T", ^h<^ € {a G N"), and 
Lo^ G Inn(A„) where w G x (1 + a„)*, by ThcorcmEill Corollary [731(2), and (|tT|) . 

Definition. The unique product cr = sixfiH^^w is called the inner canonical presentation of cr. 

Corollary 17.111 shows how to find the inner canonical presentation of a effectively (in finitely 
many steps) via the elements {<7{Hi),a{xi), a{yi) \ i = 1, . . . , n}. First, we need to introduce more 
notation. For each number i = 1, . . . , n, the map 

u 

is a group isomorphism where Ti{{Hi + j)*) ~ {Hi + j + 1)* for all j G Z where {Hi + j% := 

{{H,+j)i if j < 0, ,_i . . , ^, , , 

< . ihe inverse map ipi is given by the formula 

\H,+j if j > 0. 



= n(^* + j)?'"""- (63) 



Therefore, the map := IliLi V'i : = Iir^i ^ = Iir^i is a group isomorphism 

and the inverse map -0"^ = YVi=i "^7^ i^ determined by (j63p . Let us show that 

MVC") = '^M' ^ U„. (64) 

For each i = l,...,n, w„(a;i) = uXiU^^ = ^ij^sM = a^i^^^^ = Xi'ipi{ui) = where 
u = nr=i ^'^'^ ^ T~Li{i). Therefore, a;„ = M0(m)i by Theorem 14. 121 



Corollary 7.11 Lef a G G„ and cr = stx^iu^ip be its canonical presentation (Lemma \7.5^ , u — 

H'^v where a G N", v G H^. Then a — stx^iH''^tj)-'^(v)Lp is the inner canonical presentation of a. 

Proof By dM]), fiy = uj^-i(v)- Then cr = stxy.H" tJ'vt^:4> = siAMff° □ 
The groups A* and §* and their centres. Since §„ C A„, we have the inclusion §* C A* . 
Theorem 7.12 (Theorem 4.4, [6]) 



1. A* = X (Hn X (1 + a„)*) where the group Tin is defined in |g-^[ ) anrf (1 + a„)* is f/ie group 
of units of An the type 1 + a for some element a G o„ . 

2. The centre of the group A* is K* . 

As a consequence of this theorem we obtain a description of the group §* of units of the algebra 
S„ (Corollarv l7.13p which is used in finding explicit generators for the group G„ in [T5] . 
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Corollary 7.13 1. §* = K* x (1 + a„)* where the ideal o„ of the algebra §„ is the sum of all 
the height 1 prime ideals of the algebra §„ (see 

2. The centre of the group §* is K* , and the centre of the group (l + a„)* is{l}. 

3. The map (1 + o„)* — > Inn(§„), u Uu, is a group isomorphism. 

Proof. We denote, for a moment, the ideal a„ of the algebra S„ by in order to distinguish 
it from the only maximal ideal a„ of the algebra A„. Since a'j C a„, and, by (|8]), S„/o^ = L„ C 
A„/a„, we have the equality ajj = §„ n o„ which implies the equality (1 + aJJ* = §„ fl (1 + o„)* = 
§; n (1 + a„)*. Since (S„/a;j* n (A„/a„)* n {K* x C(Hn)) = K* , we see that 

s; = n a; = n {k* x (h„ k (i + o„)*)) ^k* x (§; n (i + a„)*) 

- i^*x(l + a'J*. 

2. By statement 1, it suffices to show that Z{{1 + a„)*) = {1}. For ri = 1, this was done in [TT| . 
Theorem 4.6. So, let n > 1, and we use induction on n. Let u G ^'((1 + a„)*). For each integer 
i = 1, . . . ,n, the element u + pi belongs to the centre of the algebra §„/pi. Note that 

n 

Sn/pi ^ K[xi,xl'^] (g) §„_i,i C -ftr(xi) (g) §„_i,i where §„_i,i := 
Therefore, m + G ® S„_i,0 n /^[xj,^-^] = ^^(xO* n 

K[xi,x~^]* . Since w G (1 + a„)*, we see that u = 1 mod pi for all i, and so m G n"=i(l + Pi) ^ 
(1 + a„)* = (1 + F„) n (1 + a„)* = (1 + F„)*. Since (1 + F„)* ~ GLoo(if) and Z{GLoo{K)) = {1}, 
we see that u — 1 since u G Z{GLoo{K)). 

3. Statement 3 follows from statement 2. □ 

In the algebras S„ and A„, there are elements that are invertible linear maps on P„ but not 
units of the algebras S„ and A„ as the following lemma shows. 

Lemma 7.14 §,* g §„ n Aut/f (P„) and A; g A„ n Aut/f(P„). 

Proof. The element u := nr=i(l ~ Hi) ^ ^ belongs to Autx(P„), see below, but u ^ A* 
(hence m ^ S* ) since the element u + a„ is not a unit of the algebra An = A„/a„. To prove that 
the inclusion u G Autx(^Ti) holds it suffices to show this for n = 1 since P„ = {2)"=! ^[^d- The 
kernel of the linear map u is equal to zero since (1 — y) * p = for an element p G K[x] implies 
that p — y*p — y^*p — ••• — * p = for all s ;3> (y is a locally nilpotent map). The map 
u is surjective since for each element q G K[x] there exists a natural number, say t, such that 
?/* * g = 0, and so q = (1 — y*) * g = u{l + ?/ + ■•■ + y*^"^) * q. Therefore, u G Autx(P„). □ 

An inversion formula for a G G„. Recall that Gn C G„ (Proposition 14.91) . By Proposition 
14.91 (1) and Corollary 17.131 each element a G G„ is a unique product a — st\ujip where s G 5„, 
tx G T", and (y5 G (1 + a„)* (a„ is from Corollary [7131). 

Definition. The unique product a — st\uj^ is called the canonical presentation for cr. This is 
also the canonical presentation for the automorphism a treated as an element of the group G„. 

By (j62p . the inversion formula for cr^^ is given by the rule: 

o-^^ ^ s^^ts{\-i)UJst^{.^-^), (65) 

this is the canonical presentation for the automorphism where (p~^ is given by (1611) . 
The next theorem shows that the group (G„ has trivial centre. 

Theorem 7.15 The centre of the group G„ is {e}. 
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Proof. The centre of the group A* is K* fTheorem 17.121) . For each element u G A*, let 
oju be the inner automorphism determined by the unit u. Let cr G Z := Z(G„). We have to 
show that a = e. For all elements u G A*, = (tw^ct"^ = ^a^ii)^ ^-nd so cr{u) — Xu for some 
element A = G K* . In particular, a{Hi) — XiHi for alH = 1, . . . ,n. By Theorem [721(1), the 
automorphism cr is a unique product a = st where s G Sn and t G (T" xU„) t<ker(^). By Corollary 
[731 aiH.,) = H,i^,) mod a„. Hence, a{H,) = Hi for ah i. Then cr g StG„ (iJi, . . . , = T" x U„ 
(Corollary [7301(1)). Note that 1 + E^p G A,* for aU a,/3 G N". Hence 

1 + (j{Eap) = (7(1 + Eo^p) = A„^(l + E^p) 

for a nonzero scalar Aq/3. By Lemma [4.1[ Aq/3 = 1 and a{Eai3) — E^p for all q;,/3 G N". By 
Corollary 14.61 cr = e, as required. □ 

Let H he a, subgroup of a group G. The centralizer CcnQ{H) := {g E G \ gh = hg for all /i G 
of in G is a subgroup of G. In the proof of Thcorcm l7.151 we have used only inner derivations 
of the algebra A„. So, in fact, we have proved there the next corollary. 

Corollary 7.16 CenG„ (Inn(A„)) = {e}. 

Theorem 7.17 1. The centre of the group ker(^) is {e}. 

2. The centre of the group (1 + a„)* is {1}. 

Proof. 1. For each a G N", the element u{a) :— 1 + E^o belongs to the group (1 + o„)*. 
Therefore, the inner automorphism is an element of ker(^). Let a be an element of the 

centre of the group ker(^). We have to show that a — e. Note that LOu{a) = o''^u(q)0'~^ = '^(t(«(q)), 
and so cr(u(Q!)) = Xau{a) for a scalar Aq G K* since Z(A*) = K* . It follows from Lemma [4.11 
that Aq = 1 and cr(£;Qo) = E^a for aU ck G N". By Corollarv l4.61 cr = e. 

2. By Corollarv l7.4l f2). the groups ker(^) and (1 + o„)* are isomorphic. Therefore, the centre 
of the group (1 + a„)* is {1}, by statement 1. □ 

Non-embeddability of the proper prime factor algebras of A„ into A„. We are going 
to prove an 'analogue' of Theorem 15. 101 for the algebra A„ (Theorem 17. 18|) . 

Theorem 7.18 No proper prime factor algebra of An can be embedded into A„ (that is, for each 
nonzero prime ideal p of the algebra A„, there is no algebra monomorphism from A„/p into A„). 

Proof. By Corollary 3.5, [6 , p = pii + • • • + Pi^- Without loss of generality, we may assume 
that p = pi + • • • + ps. Suppose that there is a monomorphism / : A„/p — >• A„, we seek a 
contradiction. For each element a G A„, let a := a + p. Note that, for i = 1, . . . , s, y^Xi — 1 and 
Xilji = 1 — Eoo{i) = 1 since -Boo(*) G Pi ^ P- The elements {xi,y^, | i = 1, . . . , s} are units 
of the algebra A„/p, hence their images under the map / are units of the algebra A„. Let tt : 
A„ — > A„/a„, a M- a + a,i. By Theorem l7.12l the elements {7r/(xi), 7r/(yj), nf{Hi )\i = 1, . . . , s} 
belong to the commutative algebra £„, and so the image of the simple, noncommutative algebra 

As ■= Ag/os under the compositions of homomorphisms As ■— As/og A„/p A- A„ A- An/cin 
belong to the commutative algebra £„, a contradiction (the algebra As is generated by the elements 
Xi + as, Vi + Os, -fff ^ + Os, i = 1, . . . , s). □ 

Question. Is an algebra endomorphism of An necessarily a monomorphism (automorphism)? 

8 Stabilizers in AutK^aigi^n) of the ideals of A„ 

In this section, for each nonzero ideal a of the algebra A„ its stabilizer St^^ (a) := {cr G G„ | cr(a) = 
a} is found (Theorem l8.2l) and it is shown that the stabilizer StG„(a) has finite index in the group 
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G„ f Corollary I8.3|) . When the ideal a is either prime or generic, this result can be refined even 
further f Corollary I8.4[ Corollary 18. 5p . In particular, when n > 1 the stabilizer of each height 1 
prime of A„ is a maximal subgroup of G„ of index n fCorollary |8.4l fl)). It is shown that the ideal 
a„ is the only nonzero, prime, G„-inyariant ideal of the algebra A„ (Corollary 18.41 f3)). 

An ideal a of A„ is called a proper ideal if a 7^ 0, A„. For an ideal o of the algebra A„, Min(a) 
denotes the set of all the minimal primes oyer a. Two ideals o and b are called incomparable if 
neither a C b nor fa C a. The ideals of the algebra A„ are classified in [6]. The next theorem 
shows that each ideal of the algebra A„ is completely determined by its minimal primes. We use 
this theorem in the proof of Theorem 18.21 

Theorem 8.1 (Theorem 3.8, [6]) Let a be a proper ideal of the algebra A„. Then Min(a) is a 
finite non-empty set, and the ideal a is a unique product and a unique intersection of incomparable 
prime ideals of An (uniqueness is up to permutation). Moreover, 

«= n p= n p- 

peMin(a) peMin(o) 

Let Sub„ be the set of all the subsets of the set {1, . . . ,n}. Sub„ is a partially ordered set 
with respect to 'C'. Let SSub„ be the set of all the subsets of Sub„. An element {Xi, . . . , Xg} of 
SSub„ is called incomparable if for all i ^ j such that 1 < i, j < s neither Xi C Xj nor Xi D Xj. 
An empty set and one element set are called incomparable by definition. Let Inc„ be the subset 
of SSub„ of all the incomparable elements of SSub„. The symmetric group Sn acts in the obvious 
way on the sets SSub„ and Inc„ (cr • {Xi, . . . ,Xs} = {a{Xi), . . . ,a{Xs)})- 

Theorem 8.2 Let a be a proper ideal of the algebra A„. Then 

StcJa) = Sts„(Min(o)) k (T" x U„) x ker(0 Sts„(Min(a)) x (T" x S„) x Inn(A„) 

where Sts„(Min(a)) := {a e | cr(q) G Min(a) for all q £ Min(a)}. Moreover, if Mm{a) = 
{qi, . . . , c\s} and, for each number t ~ 1, . . . , s, c\t — J2i£i Pi /o'' some subset It 0/ {1, ... , n} then 
the group Sts^(Min(o)) is the stabilizer in the group Sn of the element {/i, . . . ,Is} o/SSub„. 

Remark. Note that the group 

StG„ (Min(a)) = Sts„({/i, . . • , Is}) := {a e S„\ {a{h), . . . , aih)} = {h, . . . , /,}} 

(and also the group StG,^(a)) can be effectively computed in finitely many steps. 

Proof. Recall that each nonzero prime ideal of the algebra A„ is a unique sum of height 
one prime ideals of the algebra A„. By Theorem [Q StG„(a) 2 StG„(Hi) = (T" x U„) x ker(0 
(Corollary US]). Since G„ = S'n k (T" x U„) k ker(^) (TheoremO(l))"and Inn(A„) = U° x ker(^), 

StG„ (a) - (StG„ (a) nSn)^ (T" x U„) x ker(C) = Sts„ (o) x (T" x U„) ^ ker(0 
= Sts„(a) X (T" xS„) xInn(A„). 

By Theorem [5t1 Sts„(a) = Sts„(Min(o)) = Sts„({/i, . . .,/«}), and the statement follows. □ 

The index of a subgroup _ff in a group G is denoted by [G : H]. 
Corollary 8.3 Let a be a proper ideal of An. Then [G„ : StG„(ci)] = \Sn '■ St5„(Min(o))| < 00. 
Proof. This follows from Theorem 17.21 fl) and Theorem 18.21 □ 

Corollary 8.4 1. StG„(p,) ~ Sn-i x (T" x U„) x ker(0 ^ Sn-i « (T" x S„) x Inn(A„), for 
i = 1, . . . , n. Moreover, if n > 1 then the groups StG„(pi) are maximal subgroups o/G„ with 
[Gn ■ StG„(pi)] = n (if n — 1 then StGi(pi) = Gi, see statement 3). 

2. Letp be a nonzero prime ideal of the algebra A„ and h ~ ht(p) be its height. Then StG„(p) — 
{Sh X Sn-h) K (T" x U„) X ker(0 ^ (Sh x Sn-h) k (T" x S„) x Inn(A„). 
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3. The ideal a„ is the only nonzero, prime, Gn-invariant ideal of the algebra An. 

4- Suppose that n > I. Let p be a nonzero prime ideal of the algebra A„. Then its stabilizer 
StG„ (p) is a maximal subgroup of G„ iff the ideal p is of height one. 

Proof 1. Clearly, StG„(p») n Sn ^ {t e 5„ | T{p^) = p^} ~ Sn-i. By Theorein|821 StG„(p») = 
Sn-i X (T" X U„) IX ker(^). When n > 1, the group StG„(pi) is a maximal subgroup of G„ since 

Sn-i ^ StG„(p.O/(T" X U„) K ker(e) C G„/(T" x U„) k ker(e) ^ Sn 

and Sn-i = {(T G 5„ I cr(i) = i} is a maximal subgroup of S.^. Clearly, [G„ : StG„(pi)] = [Sn ■ 

Sn-l] = n. 

2. By Corollary 3.5, 6^, p = p,;j + • ■ • + p,,^ for some distinct indices ii, . . . ,ih G {1, . . . , n}. Let 
/ = {ii, . . . ,ifi} and CI be its complement. Statement 2 follows from Theorem 18.21 and the fact 
that 

StG„(p) nSn^{aeSn I = I,(7{CI) ^ CI} 2± 5^ X Sn-h- 

3. Since a„ = pi + ■ • ■ + p„, statement 3 follows from statement 2. 

4. Statement 4 follows from statement 1 and 2. □ 

We are going to apply Theorem 18.21 to find the stabilizers of the generic ideals (see Corollary 
18. 5|) but first we recall the definition of the wreath product Al B oi finite groups A and B. The 
set Fun{B,A) of all functions / : i? — >• ^4 is a group: {fg){b) f{b)g{b) for all b E B where 
g G Fun{B,A). There is a group homomorphism 

B ^ Aut(Fun(B, A)), b^ ^ {f ^ b,{f) : b ^ f{b^'b)). 

Then the semidirect product Fun{B,A) x i? is called the wreath product of the groups A and B 
denoted A I B, and so the product in A ) i? is given by the rule: 

fih ■ f2b2 = fibi{f2)bib2, where /i,/2 G Fun(B,A), 61,62 GB. 

Recall that each nonzero prime ideal p of the algebra A„ is a unique sum p — J^iei height 
one prime ideals. The set Supp(p) :— {pi | i G /} is called the support of p. 

Definition. We say that a proper ideal o of A„ is generic if Supp(p) fl Supp(q) = for all 
p, q G Min(a) such that p 7^ q. 

Corollary 8.5 Let a be a generic ideal of the algebra A„. The set Min(a) of minimal primes 
over a is the disjoint union of its non-empty subsets, Min;;^ (fl) U ' ' ' U Min/j^ (a), where 1 < hi < 
■■■ < hf < n and the set Min/i;(a) contains all the minimal primes over a of height hi. Let 
Hi := |Minft^(a)|. Then 

t t 
StoM = (5™ X l[{ShjSn,)) X (T" X U„) X ker(0 ~ (^™ x l[{ShjSn,)) x (T" x S„) k Inn(A„) 

4=1 1=1 

where m ^ n — X]i=i '^i^i- 

Proof. Suppose that Min(a) — {qi, . . . , qs} and the sets /i, . . . , are defined in Theorem 18.21 
Since the ideal a is generic, the sets /i, . . . , are disjoint. By Theorem 18.21 we have to show that 

t 

StsAih, ...,/.}) ^ S„, X [](5„, I Sn,). (66) 

1=1 

The ideal a is generic, and so the set {1, . . . ,n} is the disjoint union 1J*^q Mi of its subsets where 
■— [J\ij\=hi i = 1, ■ • ■ and Mq is the complement of the set IJ-^i Mi. Let S{Mi) be the 
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symmetric group corresponding to the set Mi (i.e. the set of all bijections Mi — )> Ali). Then each 
element a G StG^({/i, . . . , Is\) is a unique product cr = uqUi ■ ■ ■ (Tt where Oi G S{Mi). Moreover, 
ctq can be an arbitrary element of S{Mo) ~ Sm, and, for i ^ 0, the element Ci permutes the 
sets {Ij I \Ij\ = hi} and simultaneously permutes the elements inside each of the sets Ij, i.e. 
CTi G Shi ' '5'ni ■ Now, ([66t is obvious. □ 

Corollary 8.6 For each number s — 1, . . . ,n, let bg '■= Y[\i\=s(^i£i Pi) where I runs through all 
the subsets of the set {1, . . . , n} that contain exactly s elements. The ideals are the only proper, 
Gn-invariant ideals of the algebra A„. 

Proof. By Theorem 18.21 the ideals bs are G„-invariant, and they are proper. The converse 
follows at once from the classification of ideals for the algebra A„ (Theorem 18. ip and Theorem 
[Q □ 
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